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Synopsis

This thesis is to find the conditions that are sufficient to enable three points on the complex
number plane to form an equilateral triangle, and further to apply this condition for the
solution of several problems and still to expand the theories of this condition for the solution
of Morley’s equilateral triangle,

Preface:

If we take the analytical methods in modern mathematics to solve arithmetic problems, geometric
ones in elementary course and further, many fundamental problems in mathematics or in applied
mathematics, probalility, mathematical statistics and so on, we should know how we are helped by the
intuitive cognitions in attacking methods of mathematical problems in the elemental course.

However, even though from the view point of the modern science, if we want to found some
theories, we can not help cognizing some intuitions.

For example, in the theory of group, we must even cognize intuitively the important fact in the
system of its axioms. They have no preliminary criterion to discriminate the difference hetween a + b
and b + a (or between a x b and b x a), while they need to cognize their diffrence.

Modern Mathematics often treats the vector spaces properly elected, on the study of some Geo-
metrical Relations or Characters.

§ 1 As, the plane figures in Euclidian Space are usually considered in the complex (numbers) plane,

which is the two dimentions normed vector space and in “complete”, that is further, Banach space.

§ 2 A complex plane so called is a corresponding geometrical counterpart to the set of all the
complex numbers C, which we define as “Norm” and the caluclus laws concering “addition” and

“multiplication”:

Va. g € C
a= (a1, a2), #= (b, bz)
ai . hi and Xare the real numbers.
lall = jaj =/ @ + a2

a+B= (a1, az) + (b b)) = (a1+b, az+be)
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Ae(ay, as) = (Aas, Raz)
(aybr—az ba, aibe +azb1)

where the complex plane is also considered as a metric space (Euclidian Space) which further defines
the distance of the two points, as

o (a, B) = la—AB]

= V' (a1 — b2 + (az — b2)?

§ 3 Examples:
For three of these points of the complex plane. a, . 7T = C

we have under certain some conditions

a+wB + w21 =0 IB=rl=|r—al=la=PB| %0
where w2+w+1=0

From the above proposition are derived some trivial but rather interesting facts; that is, we may
verify a series of interesting problems concerning the characteristics of “equilateral triangles” and
further Frank Morley's problem.

(1) If a = C i=1, 2, 3, —co <A<+
“Zi= A0 =2 az + Aoz
Zy= (1—1) ag +iey
Zg= (1—2) a1 + Aaz
and Z1+ WZs + wtZ3 =0,

then we have

Il

a; + was +w2ag =0

(2) If ar = C, A >0, i=1, 2, 3
Zi= (1-4) az + A as
Za= (1-k) ag+ ko
Zs = (1—28) ay + Mgz
Zy— oy = e¢i03 (Zpg—ay), Zs—a=cibs (Zi—ay),
Zs —og = et (Z1 —a1)

3
where X 6 =2r 6: >0
i=1

and Z1+wZ24+w2Zg =0
then we have
a1+ wag+ w23 = 0.

(3) If a, fi € C i=1,2 3 A

M
=]

a1+ waz+ wiag = 0
Pr+whe+w?2 Pz =0
and Zi = (1=2 ai +24: i=1, 2, 3
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If

If

If

then we have
Zi+ wZs+w2Zs = 0.
ai, B, i € C 1=1, 2,3 —oolm, n< 4o
a1+ w azt+w2ag =0
Bitw B+ w? P =0

T+ T2+ @27T2 =
and
= (1—12 4 mBz+nTt_‘ i =1, 2. 2
Zi = (-2 a; + — i=1,2,3
then we have
Z1+wZs+w2Zg = 0.
a;, pr € C, i=1, 2, 3

Pitwagt+w2az =0
Bo+waj+w?ag =0
P+ w az+w2a1 =0

and
Zi= Q-k) a;+hBi, i=1,2, 3

oA =1, >0

then we have
Zi+wZa+w?Zy = 0.
ai B ,7: € C, i=1, 2, 3
and
a1+ az+wrag =0
a+@Bi+w2r; =0, i=1,2, 3
Zi= (1= 2) T1+24Bs, Zs= (1—2) T2+ 2pa,

Zo= (1—2) Ts+AB, 1= %

then we have
Z1+ wZ2+ 02Zs = 0.

Va.8.y € C, a'<p, B=r, Ca
and lal=18l=I7l=1
and putting
1 2

Zi= B+hp(a® 23-8)

1 2
=r+hy(a® B®—17)

2

1
Zs=1r+72y (B® a®—1)

1

—a+hae B° T

2
T _a)

1)
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Zg = « 4+ A3a ()’T R? —a)

2

aT—B)

1
3

= B+ kg (7

where X's are real numbers, then we have
ZitowZos+w2Zg =0 or | Zo—Zg| = |Za—Z1| = | Z1—Z2.,

This is the proposition so called Frank Morley's.
Professor Frank Morley has once written to Professor T. Hayashi concerning the classical and elegant
solution of this proposition. (cf. J. M. E vol. 6 Japan).

The author takes this opportunity to thank Professor Tatsuo Yoshida deeply for this kind remarks.

(To be continued.)
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