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On the Convergence of Stochastic Integrals. II*

By

T. SHINTANI**

Abstract

Stochastic integral converges always and it is the Riemann-Stieltjes integral defined on a
probability space.

Let (@, a, P) be a probability space and {a:} =0 a family of fixed increasing sub-g-fields of
a. Throughout the pape consider a probability space (Q, a, P;{a.}).

§ 1. Integral representations of a random variable, expectation and conditional expectation.
THEOREM 1 ([8]). Let X be a random variable. If X is integrable then
X= f_: x dlix<x)- Here Iix<x denotes the indicator function of {X<x}.
In fact, for —co<g< g < o the integral fa ﬂx dlix<x is defined as the strong limit of the Riemann-
Stieltjes sum }é §i(Lixexsy = Lix<x,n) as max,(x,—x,.,) tends to 0, where
a=x<x:1<<xkx=8 and x;o < &<xs

Because,

B n
'j; x dlix<xy— 2’ EiLix<xs —Iix<xsy)
=
< max (x;—x,-1),
1<j<n

When fﬂ x dlix<x is strongly convergent as ¢ » — o and B— 400, the limit will
be denoted by fmx dlixsxy. If X is integrable then X = /_W x dlixsx).
Let E(X) be the expectation of X. Then

THEOREM 2 E(X)def. [ X ap

— [« apx<a).

Here F(x) = P(X < x) is the distribution function of a random variable X.
Let E(X/B) be the conditional expectation of X relative to B< 4. Then
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THEOREM 3.
(i) [ xdP= [ E(X/B)dP for each CEB.
(i) E(X/B)= [  xdP(X< x/B).

Here P(X < x/B) = P(X € dx/B) is the conditional distribution of X relative to B. (See [3], p- 27,
Theorem 9. 1 and (7], p. 174.)

COROLLARY. (i) If X is measurable B, then E(X/B) = X a. e. and E(X Y /B) = X-E(Y/B)
a. e.

(ii) " P(X < x/{¢, 2}) = P(X <x).

(iii) E(X/{¢, Q)= E(X).

§ 2. Convergence Theorem of Stochastic Integrals.

Let f= {f(¢), ac, t> 0} be a martingale with continuous sample paths and v = {v(t), a., £ > 0}
a stochastic process where »(¢) is measurable a. for each ¢

Let 4 = {dn}, where dn= {tne:0 =tmo <" <tlmr <t} be a sequence of partitions of [0, ¢]
with |4 = M?X (tmasr— tmr) = 0 (m— ) and d(tme) = f(Emas1) — fltme) (r>k>0)=

F) = fltmr) (na <t B=7)

denotes the increment for f. Let &mx € [tmar tmar)s &> 0. |f]i is the L'-norm of f.
LEMMA 1 ([11], [13]). For F={f(s), 0< s t}, > 0 and ¢ > 0 there exists an L™ martingale
FO={£9(s), 0< s< t} such that [|£(s) — F(s)] < e forall s, 0 <5<t

LEMMA 2 ([12], [13]). Let {A., a. t> 0} be an increasing continuous process. For v = {v(?),
an t> 0)and e > 0 there exists a continuous (and of locally bounded variation) process ' = {0'9(¢t),
a. t> 0} such that

B
E[f-; lo(t) — v“’(t)l"dA,] < e(p> 1) where 0 < @< 8.

The existence of Stochastic integrals is shown by the following theorem.
Convergence Theorem ([11], [13]). For v and f, when m— oo,

On =2 v(Emk) <d(tmx)

converges in L? and a. e. if p > 1 and it converges a. e. if p= 1. The limit . defines a stochastic
t m —co
integral which will be denoted by [ v(s) df(s).

PROOF. (I). Case p > 1. By Lemma 2 there is a continuous (so that uniformly continuous) process
()
v9(s) such that E [_/o.tlv(s) — v 9(s)|? d(f)s] < g’.

Let 6% = ; 2 (Emk) d(tmg). It may be supposed that p = 2.

(a) E[E((f(t)—f(s))z/az)]=E[(f(t)—f(s))Z]

= E[EWF ()= F($))]as)]

= E[ECf>—<fslas)]

= E[ECS>—<f>sla)]l (t>5).
Similarly, from E(d(t.x)-d(t.)/ac) =0 (k> 1)
(b) E[E(d(t.,l()'d(t..l)/at.l\’+l)]:0 (B> 1).
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lim  El6n —65P] =lim E[3 (0(émi) =0 (mn)} d(tns ] (by (@), ()
= B[ [(los) =)l s3] < &
o, EUOP=00F) = lim B3 (0! (Emu) =0 nin)) d (L))

< K. ling EV*[sup [0'9(&mk) — ' (Enk)|*] (K >0 is constant)
14—~

=0 (»*9(s) is uniformly continuous).
So
lim EY*[[6n—0x"] <lim 2 -E'*[|0n—650] + lim EV2[|65 — 67]7]

< 2e+0 for all &> 0.

Since §» converges in L?, ¢, converges in probability. Then, by using K. It6’ s method, it is shown
that 8, converges a. e. as follows.

Since 6. converges in probability, for sufficiently large m and #, P(|6n— 0a|>€) <1/2 uniformly
in m and n. For ¢ > 0 take a large m. For all #, by Ottaviani’s inequality,

P(Max |0m+p—¢9m| >2¢) X Z‘P(Iem-m_ﬁml >e)
1spsn
\<2.SED P(|€m+n_6m|>5).
So
P(Spgp ,6m+p‘9m+q|> 4 5) < 4°Shlp P(|0m+n_0m|>5)-
Since @ converges in probability, when m — oo
P(llm %lép |0m+p‘0m+q|> de) < 4-sup P('6m+n_0ml>€)—’ 0
m-w p, n

as the desired result.
(II). Case p=1. By Lemma 1, for f, £ >0 and ¢ >0 there is an L™ martingale £ such that
1£(s) =) <%, 0<s <.
Let d‘“'be the increment for ) and let =3 o Emk) d'O(tmx)
Then, from the weak L'inequality of Burkholder (See [1], [2], [10], [11]) it follows that
P’(”l'ilr_r‘}° sup|Om— 6| > 3 €)

S
< 2-P(s§1pl 2 v(émn) [d{tma) = d O (tni)] > €) +P(lim sup |65 - 67| > ¢)

<L2Ce | f—fOh+0 (C is constant)
<2C-e for all € > (.
This completes the proof of Theorem.
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