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In the proof of the convergence theorem ([4], p. 129), of course, it may be supposed, as [3],
that L? martingale f is an L martingale. In fact, by the similar method to Lemma 1, for L?
martingale f and ¢ > 0 there is an L~ martingale g such that || f(s) — g(s) . < € (0 < s <¢).
The proof of the convergence theorem shows that when m— o

On: =3 v(Enn)-[g(tmur) = g(tma)]
converges in L? Here, recall §n,: = Y V(Ema) [f (Emaer) — f(tma)].
Jim | 0n = Oz <2:lim | On = Gz + lim | T — Bl
= 2-lim | 6n — Gnl. + 0
(from the proof of convergence theorem [4], p. 129)
< 2eliml| 3 [ (tnaer) = f (i)} = {g(tmasr) = g(tmu)}] 2
(by an inequality of Burkholder [1], p. 858 and [2], p. 592)
= 2clim| £(¢) — 2(£) |z (¢ > 0 is constant)
<2ce forall ¢€>0.

The convergence theorem was established.
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Remark on the 1 st line of ([1], p. 129)
T. SHINTANI

Remark. From the proof of lemma 2 ([1], p. 128 and [2], p. 189), for a stochastic process {v(¢)},
there is a sequence of continuous process {v,(¢)} such that lim ftl va(t) — v()|Pdt=0 (p> 1)
for almost all w e . This implies that if p(¢) is measurabféwthgn, for every se€l0,t], va(t)

is measurable a;(define v.(¢) by va(f, @) fasa(t)(sn=Ss, sne1 1 0 and so that there is a sequence

of such measurable functions {v».(¢)} satisfying v,.(¢)— »(¢) for almost all w e 2 as n— oo.

So "if E(X/as) = E(Y/as) then E(v(t)-X/as) = E(v(t) - Y/as)”-In fact, since v(¢) is measurable
as (sel0,t]),

E(vn(t) *X/as) = va(t) *E(X/as) = va(t) *E(Y [as) = E(va(t) - Y /as)

and va(t) - X— v(t) X ae, va(t)-Y— 0v(t)+Y ae. as n— o so, by Lebesgue’s convergence
theorem,

E(u(t)-X/as) = lim E(va(t) » X/as) = lim E(va(t) - Y/as) = E(v(t) - Y/as)
as the desired result.

So 1): from E(d(tmu)*/@ims) = E[Xftmuis =<fDtmu/ @emi] it follows that

E[{v(€mr) — 9 (Emu))? +d(tmn)?] @mi] = E[{v(Emr) = 0 (Emp))? (I D tmaes = <D tma)] @ tma)
and 2): from E[d(tms) * d(tmi)/acm) =0 (k> 1) it follows that

E[v(émi) v(Eme) *d(tmn) *d(tmi)/am ] =0 (B> 1)
Therefore

lim E[| 6n — 65 7]

= 1lim [} E(E[(0(&ns) = 0 (Emn))* d(tnn)?*/ @ina])

+2:3 E(E[{v(€ni) =0 (Emu) Ho(Emt) — 09 (Emi)} d(tma) d(tni)] aem])]

=1im [3 E(E[{v(éna) = 02 Ena) ) (D tmus = <Fema)/ @ena])]

=1lim E[Z {0(éma) = 02Ena)}* * (Ftmurs = < ema)]

= E[]:l o(s) — v'9(s) |2 d<ps] < &

REFERENCES

1. T. Shintani, On the convergence of Stochastic integrals, II, Memoires of the Tomakomai Technical
College (ISSN-0388-6131, CODEN:TKSKDU), 17(1982), 127-130.

2. , Stochastic Integral for L) (fE#@fi & BABGRO 12 11), 5l A% S AL AR AT
FE AT il 78 $%405(1980), 172-193.

3. S. Watanabe, Stochastic Differential Equations (in Japanese), Sangyotosho, Japan, 1975.

Added in proof. From the proof of Convergence Theorem ([1], pp. 128-129) for p = 2 it holds that
t

f v(s) dB(s) = Itd integral (=a martingale) so that the weak L'-inequality of ([4], p. 858) holds
o

without “predictable” as follows.



A complement for On the convergence of Stochastic Integrals. II 145

Let v = (v1, v.,+) be a stochastic process (i. e. a sequence of measurable functions), let f=
(f1, f2,++) be a martingale with difference sequence d = (d,, ds, ==*) and let g = (g\, g2, "),
defined by g, =é}l vk+dx, be the transform of the martingale f under . The L'-norm of £ is
Il Il = sup )l fxl:2nd the maximal function of g is defined by g* (w) = sup | g (w)].

Then A- P(g* > A) < c:|flli, A>0, (¢c>0 is constant) as[4] so that !

I ,(21 v+ dello < o | ;I dells (co>0 is constant), 1 < p< oo as (4] and [5], pp. 1000-1002).

4. D. L. Burkholder, A sharp inequality for martingale transforms, Ann. Probability 7(1979), 858-863.
5. , A geometrical characterization of Banach spaces in which martingale difference

sequences are unconditional, Ann. Probability 9(1981), 997-1011.

Let
(2, a,P) :a probability space
{a., 0<¢<1} :an increasing family of sub-g-fields of «
{f(#),0<¢<1}:an L* martingale adapted to {a.,0<t<1}(f > 1)
{v(t),0<¢<1}:a stochastic process with sup |v(t)]| < o a. e.

4={0=¢t <t <--<1}:any partition of [0, 1], | 4| = m%x(t,m—t‘,,), En €ltn, trsr].

Then we have the followings:

1) For {f(#),0<¢<1} and € > 0 there is a uniformly bounded L® martingale { f‘'(¢), 0<¢<1)}
such that || f(£) — fF>t) |p < € (p> 1),

2) Let {A,0<¢<1} be an increasing continuous process. For {u(z‘),l 0<#<1} and ¢ >0 there
is a continuous stochastic process {v'®'(¢),0<¢<1} such that E[_/; [o(t) — v9(t) |PdA, 1 < &
(p>1),

3) Doob-Meyer decomposition (p = 2),

4) the weak L'-inequality for martingale transform (without predicatable) (p= 1),

5) L*-inequality (without predictable):

"; v(én)'[f( tn+1) - f(tn)]"ﬁ < CP'"; [f(fnﬂ) - f(fn)]"/’ (P > 1)
Here the convergence problem is solved, i. e., the following convergence theorem is established :
THEOREM lim 3 v(£x) * [f(£n1) — f(ts)]  exists in the convergence in L” and a. e. for
141= n

p > 1 and it exists in almost everywhere convergence for p = 1.
1
The limit defines a stochastic integral that is denoted by /(; o(t) df(t).






