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Stochastic Integral
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Abstract

Let {v(¢)} be a §tochastic process and let {f(¢)} be an L? integrable martingale. Then the
stochastic integral 1 v (t) df (t) is defined.

1. Introduction

Let (2, a, P) be a probability space and let {g,} .0 be an increasing family of sub-g-fields of 4.
E denotes expectation and E(X/8) denotes conditional expectation of a random variable X with
respect to a sub-g-field 8 of a. f={f(¢), 0<t<1} is an L? integrable martingale on a probability
space (2, a, {a.}, P),i. e, fis L?integrable and E(f(t)/as)=1(s) for t>5>0. Letv={(u(¢), 0<t<1)
be a stochastic process on (2, a, {a.}, P) such that y(¢) is measurable a. for each +>0. Suppose v*
=sgplv(t)|<oo a. e. Let 4={4,), where dn={tns:0=tmo< +e+<tns<1}, be a sequence of parti-

tions of [0, 1) with IA,,.[=M3x (tmas1 = tms) >0 as m—00 and d(tme)=F(tmas1)—F(tns) denotes the

increments for f. |f|, is the L?-norm of f.
In this paper the following theorem is proved.
Theorem. lim g U(tnn)> d(tms) exists in the convergence in L2 The limit defines the stochastic
Mca

integral '[ v(t) df(e).

2. Proof of the Theorem

Lemma 1. Let{A; 0<¢<1} be an integrable, increasing and contiouous process.
For {v(¢#), a., 0<¢<1} and £>0 there is a continuous stochastic process {v'“)(¢), a;, 0<¢<1) such
that

E([l‘v(t)—v“’(t).p dAt><e (p=1). The lemma is known.

Lemma 2. (Doob-Meyer decomposition) Let {#(#)} be an L? integrable martingale then there is an

increasing and integrable process {f), such that E((f(1)=f£(s)P[as)=E(f>e—<fdsfas) for t>5>0.
Let e>0. For {v(t)}, there is a continuous stochastic process {v‘“)(¢)} such that

E(/ol‘v(t)—v“’(t)rd<f>¢><ez.

Let 9m=§v(tm.k)'d(tm.k) and let 9&°’=§v“’(l‘m,k)'d(tm,k).

Since E(d(tnn)atm)=E(f> tmun —<f> tmalaens) and E(d(tm.k)'d(tm.l)/atm.t)=0 (k>1),
}"lill E(|6n— 6%))= }’llﬂ E(lg{v( )= V' (b, i)} - d(tm)|?)

= le[zk:E(E({ V(tna) = 0O (tmn) - d(tmi)? [ ems))

* B —RER &)



ENBRIXBESEMERLEEAUS 130

+2- glE(E({U( tm,k) - U(e)( tm,k)}{v( tm.l) - U(e)( tm.l)} . d(tm,k) ‘ d( tm.l)/atm.z))]

= lim[ SECE((tme) — 0 b)) (P S en)a1ns)) +0]
= !}EE(g{v(t”"k) - U(E)(tm.k)}z' (<f>tm.no| - <f> tm‘a))

-£([ l‘v(t)—v“’(t)rd<f)¢)<ez.

Jsim (oo
_m]in,p E \zk}{vm(;m,_,‘)_v“)(t,,,.,,)}-d(t._,,) 2](Here 4. is the union of 4, and 4)
=am E g{v“’(tmf.k)—v“’(tnr.k)}“d(f-*)z]

2

< m]lanwE sup V(b i) = U (b )| - g«f,}tqm _<f>¢.‘h)]
2

= lim E|sup V' bmrn) — 0 tnrr)| (K1 — <f>o)]

(
[
= lim_ B[ S0 tw)— 0Nt (S = Se0)]
[
[

=0. ,
In fact, it is shown as follows. Let m—oo then m’— oo and |dn|=|union of 4n and 4»|-0 so if
m—co then Sl;lzpltm'.k_tn',klsslipltm',k—tm’,k+l|+sgp|tm’.k+l_tn’.kl—’o since tmx, tmasi €dmw and tmwoes,

2
tas € union of A, and 4,- So if m—co then sgp|v“’(t,,,',k)—v“’(tn'.k) -0 since »'“(¢) is uniformly
continuous. Suppose |v*9|<c¢ uniformly then there is a constant C>0 such that

0 bwr) — 0 ()

2
sup < C and notice that (f), is integrable.
k

By Lebesgue’s dominated convergence theorem

(=)

v(s)( fm'.k) — v(e)( t”,‘k)

lim E [sup
m,n—co k

=tim £ sup|o(twa) = 0¥t (1= <10)]
=0.
This holds on {|»*| < ¢} for all ¢>0 so it holds on {sgp‘ v“’(t)’ < 00} =0 since »'“'(¢) is continuous.
So
On— On On— 05

<2e+0 for all £>0
on {|v|< ¢} for all ¢>0 so it holds if v*< oo a.e.
This completes the proof of theorem.

lim

m,n—co

+ lim "0}:’—0#’

n,m-oo

<lim2-
2 m-co 2
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Notes on “Stochastic integral”

1) E({v(tns) = 0" (tma))? d(tms) /@ ms)
={v(tmr) = ' (Um)}2 E(d(tmn)?tm,)
={v(tn) = V' tma)}2* ECSD tmar = <FD tmal@ema)
=E({U(tm.k)— A tm.k)}z‘(<f>tm...| _<f>tm,~)/0tm,~)
2) k>
E({v(tns) = 0" tmna)H(tm)) = 0 (tm.)}* d(tms)* d(tm1) [ ems)
=E({U(tm.k)—Um(fm.k)}[l/(/m.l)_U(E)(lm.t)}'E(d(fm.k)/atm,.)'d(tm.l)/dtm,l)
=0
3) Since {a:}:zo is an increasing family, without loss of generality, we may suppose that a continuous
function »'*) is measurable with respect to every sub-g-field q,.

4) [S0ltns)= 0 ) S = Fend)

Ssgp' V(tm) = 0N (tm.) “ ;((fhm.. =L tma)

<4 —<o)e L' on {|v|<c)
By Lebesgue’s dominated convergence theorem
!,,ifﬂ E(g{v(tm,k) - U(“(tm.k)}z.(<f>fm.lnl _<f>tm,~) el

=E(Lig; Zk!{u(tm,k) =0 ) P tmaes =< D tma))

=E([|u(z)—u(f'(r)rdm.)






