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Stochastic Integral for LP martingale*
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Abstract

Let{v(t),q, O<t<1)be an a adapted stochastic process and let { f (), a,, 0<¢<1}
be an L? integrable martingale. If p > 1 then }nijgfk:v (b 1) (fCtm a1 )= f(tm, 2 )
exists in the convergence in L? and if p = 1 then the limit exists in the convergence in
probability. The limit defines a new stochastic integral Jbv(e)df(e).

1. Introduction

Let (2, a, P) be a complete probability space and let { 4, } ;= o be a nondecreasing
right-continuous family of sub- ¢ -fields of a. E denotes expectation and E ( X/ B) denotes
conditional expectation of a random variable X with respect to a sub- o -field B ofa f=
{f(t), 0<t<1}is an L” integrable martingale with continuous path on a probability
space (2, a,{a}, P),i e, fis L”integrable and E (f(¢)/a;)=f(s) fort>s=0.
Let v={v(¢), 0<t=<1)be a stochastic process on {2, a,{ a}, P) such that v ( t)is
measurable g, for each ¢= 0. Suppose|v| < ¢, i.e., vis uniformly bounded. Let A ={A,},
where A, ={t, §:0=1t,. 0<<t, =1} ,beasequence of partitions of (0, 1)
with |, |=Max( b, 4+ 1 = tm, 4 )= 0 as m = and d{ b k)= f (b k1 )= F (2
denotes the increments for f. || fll, is the L norm of f.

In this paper the following theorem is proved.

Theorem. If p > 1 then £i~rgfklv( tn. ) d(t,, &) exists in the convergence in L? and if
p =1 then the limit exists in the convergence in probability. The limit defines a stochastic
integral [ v(¢)df (¢).

2. Proof of theorem for p = 2

Lemma 1. Let{4,, 0 <t<1}be an integrable, increasing and continuous process.
For{wv(t), a,0<t<1}and € >0 there is a continuous stochastic process

{v')(¢t), a, 0<t<1}suchthat E(Jolv(¢)— v ()P dA, )< € .

(€)

Here v'©’ is uniformly bounded.
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The lemma is known. Hereafter suppose that v’ ( ¢) is measurable ag since { 4, } is
an increasing family.

Lemma 2. (Doob-Meyer decomposition) Let { f (¢ )} be an L? integrable martingale
then there is an increasing and integrable process { f), such that
E(fCe)=f(sN?/a)=E(f),—{f)s/a) fort>s=0.

Let € > O. For{ »( ¢)} and £, there is a uniformly bounded and continuous stochastic
process { v ( ¢)} such that E(J§lv(t)= o' (e)Pd(f), )< €?.

Let 6, —Zv( tw. ) d(t, »)andlet 0£,,”=Z‘3v(e)( tw. ) d( by, &)

mE (16, =05 1=lim E(IZ{o(t,, )= 0" (tn, 4)} d(tn. 1) ")

=l CE(E({ vty )= 0 (1, )Y dl by, ¥ ay, ,))

+2kz>:lE {oltn, )= 0"ty ) H (8, ) U(S)(tm.I)}.d(tm.Iz)‘d(tmvl)/atm.l))]
=ImEE(E{0(tn, o)= 0 (b, Y2 (s, =Dt ) ar, )+ 0)

=lim E Z{v k)—v(s)( tm,k)}2°(<f>tm,k+1_<f>tm,k))

m—oo

=E(slv(t)= o () |12d(f),)<e?.
Here, notice the followings.
E({o( b, )= v (s, }2 D e )
={v(t,,,.k)—v(”( tm, }2 m,k)/atm' )
={v(tn, )= v (1, ) E <f>t,,, s S, W A, )

=E({v (m )~ U(e)( b,k }2 <f>t k+1_<f>tm.k)/atm,k);
2) if k> [then

E({v(tm Ie) (E) m k }{'U ( )(tm l)}.d( )d(tm'l)/atm,l)
=E({v(ty,1)— 0" tmk}{ tlnl—v(s)trnl}E )/atm D0dl ) e, )
._0,

3) |Z{'U )_'U(E) m k }2. <f>tm k+1—<f>tm,le)|
<sup| v (b, x)— v JIBE, =Pt )

<42 ({(fH)1 —=(f)E L on{l v|<c}
By Lebesgue’s dominated convergence theorem
lim EX{v(tn, )= vt e 12U, o =Pt o))
= E(im{ 0t 4)= o' (e, sy 4ur = (Db )
=Esl v(t)=0' () [2d(f),)
lim ECI65=6" 1)
—llm E[IZ{U(E) (tws )= 0 (b )} d (e, ) 7]
( Here, A . is the union of A, and A,,.)
=lim _E {0 (4, 1)= v (b o)) d (1, 4)?)

=lim E ({0 (g, 4)- <e>< Y <f>t 1= )
<lim E[supl‘v "t a)— 0" )(tn’.k |2§ <f>t..k+1_<f>t--k)]

mmmmm
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=lim E[sup|v(€) k)= 0 (1) P =)

=0

In fact, it is shown as follows. Let m —o then m" —% and
| A,y | =1 unionof A, and A, | —=0soif m—oo then
sUp | b, k= b, a | Ssup [t 4=t vt L Fsup [t oy =t | =0
since ty . s tw.2+1 €0 mwand by, g+ 1, by, » € unionof A, and A, .
So if m—o0 thensgp [2 (b 2)— 0 ) ( by, 4)| 2> 0since v *'(t)1is
uniformly continuous.
Suppose | v'®’| < ¢ uniformly then there is a constant C > 0 such that
sup |ty 2)— v ( £y, 4)| *<C and notice that { ), is integrable.
By Lebesgue’s dommated convergence theorem

lim_ E[suplv tm',k)—v(s)(t,,',k)|2'(<f>1“<f>o)

—hm E[sup |9 (e 2)— 0ty ) 121 = (o)

= 0
This holds on { | v'*| < ¢} for all ¢ > 0 so it holds on {Sl}p | 20¢(¢) | <o)}= since
v ¢?( ¢) is continuous.
So
lim 16, —0,ll,<lim 2-16,,— 6%l ;+lim [16°=6%"ll,<2e+0forall e >0
on{|v|<c}forallc>0 o
This completes the proof of theorem for p = 2.

3. Approximation of a martingale by an L *° martingale

Foreach T>0,0<:t=< T letf ={ f( )} be a martingale and let
Al =supll OOl =l FCT L
For each T> 0, f is an L!'-bounded and uniformly integrable.

Lemma 3. For{and € > 0 there is a uniformly bounded L © martingale £ such that
llf = h<e .
Proof. For € > 0let f *'(¢)= E(jA(—=jV f( T—))/ a) where j > 0 is some integer.
Then f'°) is an L= martingale.
Since { | f(e)—fF'(¢) | 0=t< T} is L' — bounded and positive submartingale, it is

closable and so E(| f( T—=)=f N T=)1/a)=| f(t)=f(¢t) | forall t€(0, T).
Therefore
Il FCe)=fF(e ||1\|If —fNT ||1

=l £( —[J/\ —iVA(T =N, (Ve=0).

By Lebesgue’s convergence theorem take a j= _]( )> 0 for € > 0 such that j( &)t o
as € 4 Oand|| F(T—=)—f(T—=)ll,<e¢ then f**)is an L™ martingale as desired.
Similarly,
Lemma 4. If { is an L” martingale ( p > 1) then for fand € > 0 there is a uniformly
bounded L ® martingale £’ such that|| f— 7l ,<e .
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4, Proof of theorem for p=1

Let €>0. Iff={f(¢t),0=<t<1}is amartingale then there is an L * martingale
F={f(¢t)} such that|| f—fll, <e?/2
Let 4 ,,,=Zli3v(tm,k)°d(tm,k)andlet 0(,:)=z::‘v(tm,k)[f(e)(tm,k+1)—f(€)(tm.k)].
Now,
P(l6,—6,I|>3¢)
<P(|10,-001>e)+P(10,—61>e)+P(8)—04% | >e).
Since lim P ( [ 57— 65| >¢€)=0 from L? theory,
lim P(18,—6,|>3¢)
Cslim_ 2-P(1 6 ,—6%) | >¢€)+0
s’é'lingm P(sup| 6 ,,— 6| >¢)
<2c-e! ||fs—f( ) ||;( by the weak L'-inequality of Burkholder (1, 2))
<c¢-€ forall €>0.
Therefore 6, converges in probability.
This limit defines a new stochatic integral [3v(¢) df(¢) for L.

5. Proof of theorem for LP martingale

By lemma 4, for L? martingale { and € > O there is a uniformly bounded L * martingale
£ such that|] f(¢)—fF ()l ,<e whenp>1.

Let 0(,:)=§’0(tm,k)'d(e)(tm,k), d(E)(tm.k)=f(E)(tm.k+l)_f(s)(tm,lz)'
From L? theory when m—o0 6%’ converges in L2

Here recall that 0m=§'(1(tm,k)'d(lm,k),d(tm.k)=f(tm,k+l)_f(m,k)'

1) Let1< p=<2 then

T<lim 2l 0,- 0, Him 1l 64— 00,
=2 °l"iln_1‘m|| 6,—6'; ’||P+‘O ( From L? C L? and L? theory )
<2:lim_ Cp- 1 Z(d (4, 2)— b, I,
( By the L? inequality of Burkholder (1, 3], C, > 0 is constant )

=2C, llF =M,
<2C,-€ forall €>0.
2) Letp>2.

Then
E(16,12)<C,-E(| f12)<e, E(| 65 12)<C, - E(| £°)|?)<K.
(C,>0, C’,> 0 are constant. K > 0 is also constant since f' ¢’ is uniformly bounded. )

From L2 theory '’ converges in L2
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Since EV2 (16— 845 1227 2) = (110 ()= 6Nl — ) 22— 272

<160 Moy — 2 H16 G Nzp - 2) 22722 (2p—2>2)
2p—2 e _

<(2- \/Cé,,—2°llf‘ )||2P_2)(2p 2)/2

< K’ ( K’ > 0 is constant),

B804 [9)=E(10%0—6' 11 6400 [#71)

<E1/2[| 0(6)_0(e) |2],E1/2[|g(e)_0(e) |2p—2]
= m n m n
<K -EV2(16 -6 12)>0asm, n—oco.

So by the same method to 1), lim_.w||0 mw—0.,=0.

This completes proof of theorem.

[y

REFERENCES

D. L. Burkholder, Martingale transforms, Ann. Math. Statist., 37 (1966), pp. 1494-1504.
, A sharp inequality for martingale transforms, Ann. Probab., 7(1979),
pp. 858-863.
, Boundary value problems and sharp inequalities for martingale transforms,
Ann. Probab., 12 (1984), pp. 647-702.
J. L. Doob, Stochastic processes, Wiley, New York 1953.
K. 1t8, Stochastic integral, Proc. Imp. Acad. Tokyo, 20 (1944), pp. 519-524.
H. Kunita and S. Watanabe, On square integrable martingales, Nagoya Math. ],
30 (1967), pp. 209-245.
T. Shintani, A proof of the Burkholder theorem for martingale transforms, Proc. Amer.
Math. Soc., 82 (1981), pp. 278-279.
T. Shintani and T. Ando, Best approximants in L' space, Z. Wahr. verw. Gebiete,
33 (1975), pp. 33-39.

Department of Mathematics, Tomakomai National College of Technology, Tomakomai,
Hokkaido 059-12, Japan

Note

If v(t) is a limit of a sequence of continuous processes then the theorem holds for

0 mzzfv(s mo k) Gt ar 1) = FCtm, 1)) (6 s €0t 4, tma+ 1))

The proof is similar.






