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Forced Two-Dimensional Stratified Flow :
Balance of Buoyancy, Dissipation and Nonlinear Interactions
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ABSTRACT

The nonlinear evolution of some coupled modes of two-dimensional stratified system is studied
analytically and numerically. The system is dissipative, diffusive and driven by a harmonic external
force. Nonlinear coupling equations are derived from the Boussinesq set and the stability of an
equilibrium solution is studied. When the control parameter f (the amplitude of the external force) is
increased, some unstable modes grow in an exponential rate. The stability map in the k-plane de-
pends also on the direction of the external force. The nonlinear evolutions of destabilized modes are
simulated numerically and it is found that the unstable modes give rise to new equilibria of stationary

oscillations. A node-to-node bifurcation is observed as in the homogeneous fluids (see Costa, A. et al.
(1988)).

1. INTRODUCTION

The importance of the nonlinear interactions in a stably stratified medium in the atmosphere and
in the ocean has been pointed out by many authors? ~®. The motion in the stratified fluid is decom-
posed into a turbulence (vortical) component and a wave component!2'®. The weak nonlinear effect
such as the resonant interaction brings about the exchange of energy in the Fourier modes.

The numbers of papers have devoted to the problem of nonlinear wave-wave interactions in the
wave component. The most of the studies®®, however, are based on a perturbation expansion in a
“small” wave amplitude, which is clearly not very useful to study the finite amplitude waves and the
transition between wave and turbulence regimes.

On the other hand, Costa et al.” derived, in the case of homogeneous fluids, the nonlinear evolu-
tion of a system of three coupled modes of the two dimensional Navier-Stokes equation that is exter-
nally driven. They studied the stability and the bifurcation of equilibrium solutions.

The purpose of our study is to apply the technique used by Costa et al.? to the problem of re-
sonant interaction in the two-dimensional stratified flow with dissipation, diffusion and external force.
In Sec. 2 of this paper, we undertake an investigation of the equations of resonantly interacting modes .
in which one mode is continuously forced and all modes are damped. A trivial equilibrium solution of
the equations is given. The stability of the equilibrium state and the dependence of stability on the
amplitude { and direction of external force are argued in Sec.3. Sec.4 is devoted to the numerical
simulation of the nonlinear evolution of the unstable modes.
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2. MODEL DESCRIPTION

Let us consider a two-dimensional rectangular region of length L; and height L, filled with a
linearly stratified fluid of background density P (y)=Po(1—B y). The motion of the fluid is
forced by means of an external body-force F(x, ), which, in general, is decomposed into the form of

F(z,y)=Vx(F(z,y)2)+VG(z,y), (2. 1)
where x-y-z is a right-handed Cartesian coordinate system with the fundamental orthogonal triad z, %,

% The vorticity, density and velocity fields satisfy the Boussinesq set :

(8 ,—vV)w=VX{uXw—gy@®+VX(Fz)}, (2. 2a)
(8,—kV)@=—(u-V)0+B v (2. 2b)
V-u=0, (2. 2¢)

w=VX y, (2. 24d)

v and # are, respectively, the kinematic molecular viscosity and diffusivity. @ (z, % #) is a normal-
ized density deviation; @ = ( ° (z, % 8 —P (y)/Po
Introducing a stream function ¥ (z, g, #), the set of equations (2. 2) reduces to a pair of nonliner
equations of an non-dimensional form
(8 ,—V¥/R,)V¥=0 ,0+V?F + J (¥,V*¥), (2. 3a)
(8,~V?/P,)®@=—0,¥ +](¥,0), (2. 3b)
which is normalized with the scales of length 87! and time N ™' ; N =V'g B is the constant Brunt-
Viisald frequency. Re = N/( 8%v ) and Pe = N/( B2k ) are, respectively, the Reynolds number and
the Pecret number. Moreover the periodic boundary conditions are required.
Expressing the fields ¥, ® and F in terms of the corresponding Fourier amplitudes

V(z, g, )=Ty ) "% (2. 42)
X ]
8(z,y, t)=LO e % (2. 4b)
F(z, y)=IF;e¥ % (2. 4c¢)
Egs. (2. 3) reduces to
k
(8 ,+k*/Re )\I’k=ﬁ®k+Fk+k§,F Ben- W W e O+ 4 (2. 5a)
(8 ,+k®/Pe)B ,=—k, ¥, +‘§_Akk'k"‘1,k’®k”6k,lz'+k"» (2. 5b)
where wave-numbers k, k” and k” satisfy k= k’ + k” and
k"?2—k'? (kxK)-%
T = K2 ‘( 2 , (2. 6a)
Ab o= (k+ k') 2 (2. 6b)
We look for the equilibria of Egs. (2. 5) when a spatially harmonic external force drives the
system
Fi=1(8 s, 4,70 k=4, ) (2. 7)

where { is a positive constant parameter.
There is a trivial equilibrium

T, (t)=(k2/ Pe)? Fy, (2. 8a)
O,(t)=—Fk, 7 Fy (2. 8b)
where 2 2

7= RePe +_kr
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For the moment we will concentrate on the linear stability of solutions (2. 8) and consider three modes
ko, k and k’ such that k= Kk + k.

3. LINEAR STABILITY

We perform an expansion of the form

V,=At+ed, , (3. 1a)

®,=B,+¢eb, ) (3. 1b)
insert them in the set (2.5) and retain terms up to O ( € ). This leads us to the following equation

20, 6=Q 9, (3. 2)

where the vector ® is ®=( ¢y, 04, P-4, 0— 4y P4» 0&> P4, 04) and the details of the matrix Q
are explained in the Appendix of this paper.

The stability of triads in the wave-number plane is examined by means of the scheme commonly

10)

known as the Routh-Hurwitz stability criterion An example of stability maps is shown in Fig. 1

Re = 1.0
Pe = 2.0

HOHOGENEOUS FLUID -

Ky o

RSPy

&) (b)

Fig. 1 Stability maps of resonant triads forced by a horizontal mode ky = (1,0). (a) the case of a stratified
fluid under the conditions of Re = 1, Pe = 2 and { = 6, (b)that of a homogeneous fluid. The vertices
of unstable triads marked with “ + ”. The unstable domains are classified into type I (vortical) and
type II (wave).

(a), in which the vertices of unstable triads forced by a horizontal mode ky = (1, 0) are marked with “
+ ”.  Unstable mode belongs to one of the distinct six domains. The vertex of the most unstable
triad (MUT) lies on the points ( — 0.15, £ 0.3), (1.15, £ 0.3) and its growth rate is 0.79. In order to
classify the domains, we can calculate the eigen-values of the matrix Q. It is found that the types of
unstable domains are classified into type I (vortical) and type II (wave), the propagation speed of mod-
es belonging to the former is zero and the latter is non-zero. For comparison, we show the map of a
homogeneous fluid in Fig. 1(b). There are only four domains, all of which belongs to the type I.
Because of the anisotropic nature of the stratified fluids, contrary to homogeneous fluids, the
direction @ of the forced mode ky is a significant control parameter of the stability. The stability
maps for different angles of elevation are illustrated in Fig. 2. When @ = 30° and 60°, the six unst-
able domains are deformed and mixed with each other. When @ = 90° (vertical mode), the mixed do-
mains are separated into four domains (see Fig. 2(d)) just like the case of homogeneous fluids shown
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Fig. 2 Stability maps for different values of the angles @ of forced mode under the conditions of Re =1, Pe
=2and | k | =1.(a) @ =0°, (b)30°, (c)60° and (a)90°.

in Fig. 1 (b).

We chose, as an another control parameter, the amplitude f of the external force following Costa et
al.? In Fig. 3, we show the stability maps for different values of f. When f is increased, the domains
of unstable triads are spread over the wave-number plane. Thus, if we only consider a set of three
modes Kk, ky and k’, the equilibrium will turn unstable if f exceeds a critical value f.. The following
stage of evolution will be described by the scheme of nonlinear resonant interactions.

4. NONLINEAR EVOLUTION AND BIFURCATION

,

Let us consider a set of nonlinear coupling equations for ten modes + k, = ky, = k’, £ kand + k
(the ones shown in Fig. 4). Using the conditions to have real number solutions
G y=9, 0y =—0", =S
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Fig. 3 Stability maps for different values of the parameter { of external force.

4 Modes coupling with + k.

Fig.
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and the conditions of spatially symmetric solutions

P3=¢4, 97 =9/, 03=04,07 =04,
the problem reduces then, as in the linear case, to the study of the evolution of three coupled modes k,
ko and k’. Governing equations are

(8, +40) g, =g, 11418 (9,97 — 9
: W=, 0k TR (g ¢ =9 9w ), (4. 1a)
k02
(2 S"k—?‘ﬁ +I* S” Sy , (4. 1b)
)
(a +k )¢k_kl 0k+P Sb' ¢k 3 (4~ lC)
2
(a +§) )0k0=—k01¢’k0—21\k0(¢k0k—¢'k 0 ) (4. ld)
(a,+%)0k=—kx¢k+m(—¢,,o0,5+¢k'Hko) , (4. 1¢)
’2
(8, 45) 0 == K 9"y + AP (9% B,— 44 0%,) (4. 11)
where
ro=rh _, , (4. 2a)
T*=T%, , (4. 2b)
r#= r"*_ko,k, (4. 2¢)

As Costa et al.? have pointed out, we have to take into account also the effect of non-resonant
coupling through a noisy term. However we here interested in the deterministic feature of the phe-

€«<SOLUTIONS OF THE COUPLING EQUATIONS>
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Fig. 5 Solutions of the set of Egs. (4. 1) when Re = 1, Pe = 2, ky = (1, 0) and k= (0.5, 0.7). The periods of
oscillation for f = 6, 9 and 15 are, respectively, T = 400, 20 and 7.7.
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nomenon, and we will neglect the non-resonant terms. The set Eqs. (4. 1) is solved numerically using
the Runge-Kutta method of 4th-order starting from small initial amplitudes. Some examples of the
solutions for different values of { are illustrated in Fig. 5. When { = 3, the modes k and K are
damped rapidly and the mode Ko only survive giving rise to a static equilibrium. For greater values
of {, the mode K, only attains to stationary values and the others k and k’ attain to stationary oscilla-
tions with equilibrium amplitudes. A bifurcation from one node to another node is shown in Fig. 6

knﬂ(l.o ., 0.0)
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Fig. 6 Absolute values of the amplitudes of the modes as functions of f. {, indicates the bifurcation point.

Because our model has no uniform background flow, we may recognize that the equilibria of stationary
oscillations are maintained with the wave component in the motion.

5. CONCLUSIONS

A simplified model of forced two-dimensional stably stratified flow was studied and the results are
summarized as follows.

In Fourier space, the governing equations (2. 5) are reduced to a set of nonlinear ordinary dif-
ferential equations which describes the coupling among Fourier modes. Derived equilibrium solution
(2. 8) is unstable to some infinitesimal disturbances which form resonant triads. The linear stability
of a triad is essentially controlled by the amplitude and angle of forced mode. The stability map con-
tains the unstable domains of different nature from that of homogeneous case. In the stage of follow-
ing nonlinear evolution, that was studied numerically, an equilibrium of stationary oscillation is
observed. That is, in stratified fluids, a cascade of energy to modes belonging to the wave compo-
nents can produce the new equilibrium which stands on the balance of buoyancy, dissipation and non-
linear interactions. This indicates the possibility of decay of turbulence due to wave motions also in
the stationary regime of the stratified turbulence.

APPENDIX

The 8 X 8 matrix Q in Eq. (3. 2) is composed of two 2 X 2 matrices T®, T ~ ® and one 4 X 4 mat-
rix T. That is
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[T® ]
T —ko
Q= O (A. 1)
0 ||
where
_k by
" Re Tkt
T = k2 (A. 2a)
ko ~Pe
_k? ke
Re ko
T ko — k20 (A 2b )
k: TP
B
"% F T O
- k.r _Pﬁe A kBko —A kAkO
T= e y (A. zc)
¥ _k z
T "Ap 0 Re Ve
—A¥Byy —A¥Ap — ¥ £
L k0 kO z Pe
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