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A note on L'—bounded martingales
By Toshitada SHINTANI*

(Received October 28, 1991)

Abstract

Let f be a martingale. If f is L' —bounded then f is of bounded variation. Using this
the martingale transform g of f converges a. e..

Let (Q, A, P) be a probability space and Ay, A,,... a nondecreasing sequences of sub - ¢ -
fields of A, Let f=(f ,, f,,...)be a martingale with norm || f ||,=sgp Elf.l<oo. Letv= (v,
V,...)be a predictable sequence, thatis, v, : Q—R is A,—measurable, k > 1, Then g=(g,,

g€2,...), defined by g.= 2 v#(fas— f&) with | v| <1 in absolute value, is the transform of
the martingale f by v, Write || fll,= S}llpll f .ll, and define the maximal function of g by g*()
=sup| g.(w)l.

THEOREM 1. If || f ||, < 0 then :2:1 | fae1—fa]| <o a.e.,thatis,fis of bounded variation,
PROOF, Since f is L' —bounded f ,— fooa, e.in L ! as n—»>o, Now,
Elfan(@-t, (@ =2 E1f, (@-f (0)].
Let a,(w)=| f,(0)—f_ (w)] then lim a,(w)=0
Thus, for 0< & <1, there exists a number N=N(e, w)> 0 such that 0 € g,(w)<e<1
(yn>2N). So 0 <¥a.(w) <1(ynzN).
Let x. (0)=%/a, (w) and S= {x,(w), x,(w), x3(w), ...}
Since S is a bounded infinite set of real numbers in general, by the Bolzano— Weierstrass ~
theorem, S has the accumulation point 2 =2(w) 2 0 and 2 = lim x,(@)<1.
In fact, if lim x,(w)= 2 =1 then, for 0 < ye< 1, there exists a number N=NC(e, w)> 0 such
that | ¥/a» (@) — 1| < ¢ foralln > N.Soa,(®) > (1 -€)" 2 0(ynzN).
Let ¢ 0sont o then a (w)2 1% 2 0.
Thus it is not that a,(w)— 0 as n—>oo, This contradicts to the fact that a,(w)— 0 as n =,
Thus A # 1.
So, by Cauchy s result, 21 a,(w) converges for almost all w. Therefore 2 [fos;—fal<o a.e.
THEOREM 2.1f || f ||; < oo then the martingale transform g converges a e.
In fact,
lge (@) | < E | vi(@) | +] o (@)= f,(0)] < £ |f,,,(0)~ f,(0) | <o for almost
all w.
THEOREM 3. Let 1< p <o. Then
A-P(g*>2)<c-lflh, 2>0, andligll, <c, - fll,hold.
PROOF. By a result of Burkholder (THEOREM 1. 1 0f (2)), the following statements, each to
hold for all such f and g, are equivalent :
[ f|l; <co=> g converges a. e.,
2+P(g*>2)<c-lflli, 2>0,
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gl <c, -l flls-
Combine this result with THEOREM 2.
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