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LP-convergence of an extended stochastic integral
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Abstract Let1 <p<oo. Letf={f(t), 0<t<1)be an LP-integrable martingale and v ={ v (t),
0<t=<1} afamily of random variables with a continuous parameter t. Suppose |v| =<1 in absolute value
and that v (t) is continuous. Put

B =2 V(& m ) [(tm s 1) = £t 1)].

Here, ¥V &1 € [tm o tm k+ 1), k=0, mdlex(an+1—%k)*0 asm—©,

Then 6, converges in L and 8 ., defines a new stochastic integral L’, v(t)df(t).

be a sequence of subdivisions of [0, 1] with |A | =Mkax(tm k+1— tm k) —>0asm—oo,

Let (2, a, P) be a probability space and {2, } >, a nondecreasing family of sub- ¢ -fields of . Let f
={f(t), 0=<t<1) be an L-integrable martingale where 1 < p <0 on a probability space (2, a, {a,}, P)
and v={v(t), 0<t=<1} afamiy of random variables with a continuous parameter t. Suppose that |v| <1
in absolute value, v (t) is continuous and v (t) is a,-adapted.

Let A={Ar}, where A ={tn, 4:0 =ty o<ty <-eeeor <tms, =1},

thatif m f oo thens, t o,

0

Put 0= V(€m0 [FCtmice 1) = £tm 0] (V€ o € Ltuss to s ], k20)

ad T =L V(i) [t 1) = £t 1))

By the results of R. C. James [4] and G. Pisier [8],

0

Theorem. (G. Pisier [8, Theorem 1. 3, (iv)])

Let X be a Banach space and f = (fa)q = o an arbitrary X-valued martingale.
Then

(* ) X is super-reflexive ( = super-Radon-Nikodym)

<>

(k%) Lt +1=fll,<Csup lIf,ll, 1 < p <o),

(Here, C is a constant which does not depend on f.)
Since X = R is super-reflexive, ( % * ) holds.
(% % ) will be called by the name of Pisier’s inequality.
In this paper, it is proved that the following theorem holds :

Theorem. 6, converges in LP and 6 o= o=} v (t) df (t).
defines a new stochastic integral.

*
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Proof. Let1<p<oo,
Hem”p:EVp [(LEOV( Em i) [f(tm 4 1) — £ (tm ) IDP]
SEW [(KEO [V (& m ) Ctn 1+ ) — £ (t, )P Here, |v] <1)

SEY [(Z 1fCtm 4 1) = £ (tm, ) DP]
(Since LP is a Banach lattice. See [9].)

§K§o N Ctm ko +1) — £(to, k)”p

=C *sup fCtm I, @=0,1,2 - ) By Pisier’s inequality)
(Since C does not depend on f, C does not depend on m.)
éc'.seh’)?] lfCe)ll,  (Since tm x €[0,117.)

=C- If(Dl,
(Since |f(t)|Pis a submartingale, E |f(t)|P=E [f(1)[P
so E™ [|f(t)IPISEW [|f(1)[P]<0).
Ths, E [ 10,1 C - I£C1) 8.
If 6 exists then
”000”‘):”5"!}_[‘1}0 0 mllp

=1im||6 I, (See [14].)

sC- [lf(Dl, <oo.
Therefore 6 € LP.
Next, it is proved that the existence of 6 « .
By a result of P. W. Millar [6], &, converges in LP,
that is, 1im[d, =8 oll, = 0.
Take arbitrary € > 0 and fix this.
Since v (t) is uniformly continuous on [0,1], for sufficiently large
m=m,(€, ®)=m,(®)=m
V(& m ) (@)= v(tw ) (@) <€  (VKk=0, Vm =my)
(Because, since v (t) is uniformly continuous, for € > 0 thereisa & > 0.
Since |A ,| — 0 as m —oo, for sufficiently large m, ( @ ),
0> 1A wl =Max (tw, k +1 = tw, 0 (VM Zme(@))

28k~ tw k=0 (V k=0
So €= [v(§ k) (@)= v(ty ) (@)l (Vk=0))

Thereforeﬂ,_

1m = Fally = ZJVCE m ) = V) T i, 1) = £ Gt )l
STEPLUVCE mw, ) = v Ctaw, ) HECr, i+ 1) = £t ) DP]
SIEY (e f(tw, i+ 1) = f(tw, D]

egﬁgonf(tmo,k+1)—f(t,..',k)||,,

& -sup{ C *sup [1£ Ctor, ) 115}

e supl C - supllECl,)

se-C- (D,

A NIA

IIA
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(Here, {f(ty, )} k= oisa martingale.
In fact, take an any @ € Q and fix an m’( @ ).
In general, since f ={ f(t) } is a martingale, for any m = 0
{f(tm )}« =o0is a martingale. So for almost all @’ €Q
E(ftn(wy,kiar+1) G uy k(w)) (2)
=f(tn(w) k() (@), k=k(®).
Here, let @ =@ then {f(tm(w) k(w)) (@) }x=o thatis, {f(tw, )} =0 isa martingale.)
Thus,
limll6 o = G nlly =limll w = Guell,  (m>Maxm’ (=m))

Se-C-If(DIl, foral €>0.
Therefore, from|160  — 8411, = 116 — Grlly + 116, — 8,4ll, H1m —Fall,
it follows that
lim|l6 ., — 6.ll,

=2-liml0n—Gnlly, +1imlfn—6all, (mn>Maxm(w))

<2e-C-llf(Dl,+0 foral &>0.
So, by the completeness of LP, @, converges in LP so that # « exists.

From this proof 6§ w=7m=Izv(t) df (t) follows.

Remark. When p > 1 the Pisier’s inequality implies the Burkholder’s LP-inequality in [1] so that the Millar’s
results [6] hold without that v (t) is a-adapted. Therefore, it may be that v is any uniformly bounded and
continuous random variable.

Corollary. [, v(t)dB(t) converges in L.

(The convergence of this integral cannot be proved by the method of R. L. Stratonovich. See [2] and [13] .)
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