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On LP-boundedness of martingales
in Banach space with Radon-Nikodym property

Toshitada SHINTANT*
(Received November 28,1997)

Abstract. Let f = ( f,)be amartingale with values in Banach space X having Radon-Nikodym
property. | |l denotes a norm on X and E denotes Lebesgue integration over a probability
space (Q,a,P). Then f is L'x-bounded if and only if f is L%-bounded ( 1<p<oo ). Moreover
if f = (f.) is L'x~bounded martingale then {|f.||} is uniformly integrable. Thus, L'-bounded
positive submartingale f = ( f.) is uniformly integrable. In fact, f converges in L'.

Let || fll, = sup E |f.ll and let M' = {martingale f = ( f,) : || f].<oo}.

Here notice that |[f(w)|l is a positive function over Q.
Theorem |. f is L'x-bounded < f is L’xbounded ( 1<p<oo ).
Proof. fe M' = f,—>®f. a. e. as n—o .

E ||l <1iTm E|f.l ( by Fatou's lemma )

<lim E|lf.]
n
<sup E|[f.|
n
< oo
And E |f.]| < sup E [f.l|[<oo for all n.
n

So Elfull <*G <o (n =1, 2,..., o)
so that [f.[|[<?K = K(e)<o a.e. (n =1, 2,..., o),
i. e., If.lIS®K<oco onQ\e,, Ple.) = 0, so onQ\[rJl'e., by Zorn’s lemma.

Thus, snr,llp lf.(w)| <K< o0 a. e., on Q\[r{e,..

From sup If.ll= lf.ll ¢ = 0)
K'=Z( sup [f.ll )*= If.lI® for all n ( 1<p<o).
a.e. n
So sup [f.(w)|F < KP<oo a. e., i. e., onQ\Ue..
n n

On the other hand,
[ Ifall” le = ess.sup [l faCw)]” |

w
= ess.gup If.Caw)ll®
= inf sup [f.(w)|?
eeEN Q\e
P(e)=o
( Here N is the family of all null set e. )

< inf  sup { sup [fa(w)|® }

eeN Q\e n
P(e)=o
< inf  sup K" <sup K< for all n.(Here let e=Ue,)
eeEN Q\e Q\e n

P(e)=o0 P(e)=o
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And |[1lh<eo. Thatis, |[f.lF € L. ,l € L.
Thus, by Hélder’s inequality, for all n,

JUE07 dP = [ 1,071 dP < 1 £all7 e+ 1114
Q Q

< sup [ Ifall®lle= 1l < sup K+ [[1]< oo.
n Q\e
P(e)=o0

so that sup | [If.ll s < oo .
n

Therefore f is L'x-bounded = f is L’%-bounded ( 1< p <o ).
Conversely, f is Lx-bounded ( 1< p <o )=
Since [If.l € L"and1 € L* ( /P + l/g= 1),

[ieal ap = [ 15,0 -1 P
Q Q
< Il s+ 111l ¢ by Holder’s inequality )

= {/Ilf.,llP dP} e |1, ( Here notice 1€L". )
Q

< sup FHEallle s M1l <oo.

That is, f is L’x-bounded = f is L'x-bounded. ( g. e. d. )
Theorem 2 If f = (f, )€ M' then { | f.ll} is uniformly integrable.
Proof. Let f € M' then f,—® f. € L' a. e. ( n—>o0 ),

lim |f ] — Ifell] =1lim ( Ifoll = Ifel ) |
n—>oo n—>oo
= | lim [If.] — lf«l|
n—oo
= ||lim f.| — llf«ll | ( by the continuity of norm )
n— oo
= [llfoll = Il fol |
=0 a. e.

On the other hand, since ( f.,a. ) is a martingale

“fn” = “E( fnll/an ) ”
< E( [ fanll/a. XCIf.ll) is a real submartingale. )
7 o | fanl ( See Remark. )

= ”E( fore/@asr ) ”
< E(lfaizll/@as )
s Il [lim ol =11

j—»oo

And, by Fatou’s lemma,
E [[fol <lim E[f.l< lim EIf.|< sup E|f.ll <co.

That is, |f.ll < |f«ll a. e. and |f-]] €L
So [fall = lfelll < [Ifall] + [lfalll = [ful + lf=ll < 2-]f«l €L

By Lebesgue’s convergence theorem
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lim E [If.l — lf«ll = EClim [If.] — Ifall])

n—>oo n—>oo
=E(0)
= 0.

That is, { lIf.ll } is uniformly integrable. ( q. e. d. )
Thus, L'—bounded positive submartingale f = ( f, ) is uniformly integrable. In fact, f
converges in L'.

Remark. In the proof suppose that a. is not finitely generated. If some a, (#{¢, Q}) is finitely
generated then every a., m>n, is finitely generated since a.Da, so that there is g€L" such that
If.l<g (n=1, 2, --) since |fn|=E(llfall/a~) =simple function (m>n).

Thus, then {l/f.ll} is uniformly integrable.
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