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Abstract

This article is self-study for foreign students. The content is a part of lectures, particularly in

Fourier transformation and its application to differential equations.

1 Fourier Transformation

1.1 Definition of Fourier Transfor-
mation
We shall define Fourier transformation as the

extension of Fourier series. Complex Fourier se-
ries is written

oo
f(x) = Z cnel%
n=—00
where p is the period and the coefficient ¢, is

given

1 /P ; Iy
= — e e d
Cn 2p/_pf(y) y

Now, let nr_ t,, and then,
p

Vs
tn+1 —tn: — :At
D

Then, it follows that

f(&) = n_:{ [ sweray e

By taking p sufficiently large, At goes to zero
as n is fixed. Changing the discrete variable t,, to
the continuous ¢t as n — oo, that is, on replac-
ing summation to integral in the above equation,
then f(z) becomes

r@= [ g [ rwea)

eitegy & iﬂ / F(t)e=dt (1)

* Assotiate professor : Department of General

Education

where
PO = AN [ T i@t @)

which is called Fourier transform of f(z). The
equation (1) is thought to be Foureir series with
the period of the infinity. The notation F denotes
Fourier’s linear integral operator, which means
that

Flaf(z) +bg(z)) = aF(f(2)) + bF(g(z))
= aF(t) + bG(1) (3)

The equation (1) is called inverse Fourier trans-

form or inversion formula:

flx) = /oo {%/w f(y)e‘“ydy} e't=dt
=[5 [ el

= / f@)o@ —1)dy % 1) @)

where we have used the definition of § function
without verfication entirely. This is the origin of
the name of inversion formula. Here é function
is expressed

bz —y) = i * it(z—y) gy
T —y 5 e
- 1 < ety eit > (5)
2

The equation (5) is thought to be the orthonor-
mal condition for continuous variables.

To show the inversion formula, it is available
to describe symbolically as follows:

fl@) = FHF@®) = F Y(F(f(2))

=F ' F(f(@)) = f(z) (6)
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provided that
Flr=FF'l=1 (7)

where the notation F~! denotes Fourier’s inverse
linear integral operator and the notation I unit
one.

The Fourier transformation between f(z) and
F(t) is expressed symbolically

J@) ZFW o f@) PO @)

Hereafter we often call it the pair of Fourier trans-
formation or the pair for simplicity.

In the definition of § function (5), for simplic-
ity, substitution of z —y = z gives

8(z) dﬁfi/ 1-e%dt = 7-1(1)

o

F(b(z)) = /_00 §(z)e *dr = 1

These definitions mean that §(z) is inverse Fourier

transform of F(t) = 1 and F(t) = 1 is Fourier
transform of §(z), and then symbolically
é(z) <=1 )

Example 1. Find Fourier transforms for the fol-
lowing functions by use of the formula (5):

(a) cosazx (b) sinazx
Solution.
(a) :F(COSG.:E) :]: (%(eia':E + e—iaz))

— %/ (ei(a—t)x +e—i(a+t):r) dz

—00

%{6(«1— t) +6(a+ 1)}

In a similar manner,

(b) F(sinaz) = F (i

> (eiaz _ e—ia:c))

[ ]
1 (ei(a—t):z _ e—i(a+t)z) dx

= ﬂ .
1
= 2_12{6(0 —t)—8(a+1t)}

cosaz <= ~{6(t +a) +8(t - a)} (10)

sin az <= %{6(t+a)—6(t—a)} (11)

Here we give similar formulas for the functions,

cosh az and sinh az:

cosh ar < %{6(t +ia) +6(t—ia)}  (12)

sinh az <= %{6(1‘, +ia) — 6(t —ia)} (13)

Different forms of Fourier transformation may
be defined by the devision of the numerical factor
1

2

sw = [ {5 [ rwea)

x  e't=dt :/ F(t)et=ds (14)

or

f@) = = /Z{\/%_?r /_Zf(y)e““ydy}
X et = —\/;zﬂ/:; F (e d(15)

or

@) = [ { /_Zf(y)e”’”ydy}

X emtegy = / Friem=dg (16)

—oC
Now, construct the forms of real-type Fourier

transformation. We return to the equation (1)

f@=5 [ [ rweea

The real part of exponential function in the above
eqaution is

Ret=¥) = cost(z —y)

= costrcosty + sintzsinty

which is even with respect to . Then, we rewrite

the above equation

1@ = 3 [ [ etz e

_ 1 / / f(y)(costy costz
T Jo —o0
+ sintysintz)dydt

_ 1 - Oof(g,/)costg,/aly costx
JRVREER)
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+ (/oo f(y)sinty dy) sin tm} dt
- % A " {A(t) cost + B(t)sintz} a (17)
where
Alt) = /_eo f(z) costzdx
=2 /O f(z)costzdx

B(t)

Il

/ ” f(z) sin tzdz

The equation (17) is called Fourier’s double inte-
gral formula.
In particular, when f(z) is even or odd, Fourier

transformation may be written

f@) = %LwAun%ma (18)
and
f@) = %A B(t) sin tzdt (19)

which is called inverse Fourier cosine or sine trans-
form.

Integrating with respect to t in the equation
(17) on the assumption that the order of integra-

tion may be reversed, we have

flz) = %Lw /_oo f(y) cost(z —y)dydt

co T
:Th_rgo%/o f(y){/_Tcost(x—y)dt} dy

I Y e sinT(z —y)
= Jim = [ s =

which is called Fourier’s single integral formula.
We may modify the definition in the equation
(5) of 6 function as follows:

_ 1 *® itx
6(m)—27r/_oce dt

1 {oe]
=5 / (costx + isintz)dt

1

1 {e'e] oC
=5 /_oo costrdt = ;A costzdt (20)

6(x) is said to be inverse Fourier cosine transform
of A(t) = 1.
Finally consider Fourier transform of Heaviside

function H(z) ( or Unit step function U(z));

F(H(z)) = /_oo H(z)e " dy

00 . [e'e)
= [ e*dr=1lim | e e itrgy
0 a=0 fq

[ee]

= lim e~ @tDTgr — lim -
a—0 Jq a=0it+a

(21)

From this, it is wrong because of the neglect of
discontinuous effect at ¢ = 0 that Fourier trans-
form of H(z) becomes l Then, we may rewrite
the expression on the rzight in the last equation
(21)

lim - :lim1 t + 1 a
a=09t4+a as014 \ 12 4 g2 t2 4 a?

where

1
it 7 (t#0,a—0)
t? + a? 0 (t=0,a—0)

and

o _ [0 (#0a-0)
2 4 a? oo (t=0,a—0)

. . 1
Then, the expression of lim - n is given
a

a—0 7
lim — L s
a—0itta it "
. 1
= —ip.v. (Z) + 76(t) (22)

where the notation p.v. denotes Cauchy’s princi-
pal value and § function is expressed as another
expression

.1 a
e = o0

The following is the required expression:
1
H(z) <~ 7 + mé6(t)

Example 2. Find Fourier transforms for the func-
tions,

(a) H(z)cosaz (b) H(z)sinaz
Solution

() F(H(z) cosaz) = %f(H(m)(ei“ +emieny)

= S HE) + e H (@)
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1

=l —a)
= {i(t—a)+7r6(t )+'i(t+a,)

+7r6(t+a)}
= Z{6(t—a)+6(t+a)}
1 1 1
W{mhw}
t

™ 1
= 5{5(t—a)+5(t+a)} + i

— a2

(b) F(H(z)sinazx) = %f(H(a:)(ei“ _ emio%y)
1 1

= §{i(t—a) +wb(t — a) — )

—wé(t—a)}

= J{st-a-dttal+ o0
1.2 Examples of Fourier transfor-
mations

We shall find Fourier transforms for several
functions of importance in the following sections
and from them show inversion formula or Fourier’s
integral formula directly. Moreover we shall show
that the results obtained may be used to evaluate
intergals.

(1) Consider Fourier transform for the func-
tion defined by the equation

1 (z] <a)
“”‘{o<m>w

which is expressed by means of Heaviside func-

tion as
f@)=H(z+a)—H(z —a)=H(a—|z])

This function is a kind of rectangular functions
or window functions and is symbolically denoted
rect(az).

From the definition (1) of Fourier transform, it

follows that

F(it) = /_Z f(z)e *=dx = /:1 1-e7*dg

1
1t

2sinat
t

I

(e—ita _ eita) — (23)

. sin
The function
ar

2sinat
t

= 2a sinc at

is symbolically denoted sinc az;

From the definition (1), it follows that
— 1 °° it
flz) = 5 /_oo F(t)e* dt

_ 1/°° QSinate“zdt

[ ot
1 [ si

= = / Sin at (costz + isintz)dt
TJ)oo L
2 1

= Z / — sin at cos tzdt (24)
™ Jo t
1

= - Aoo %{sin(a + 2) +sin(a — z)}dt

Using the following formula
i T .
A 7 Sin atdt = 5Stgna

where q is an arbitrary number and the definition
of the sign function is

. | -1 (z<0)
sign T = { I (@>0) (25)

or using-by the complex form
00 1
/ —e"**dt = imsign a
oo b
Then, we get
1
LEiT) o1 pi<o
f@=q T8 % .
r(z-3)=0 kl>e
This is the required expression:

2sinat
t

H(a —|z|) <=
or
rect(az) <= 2a sinc(at)

Using Fourier’s integral formula, we may write
from the equation (24)

f(z) = _2_/ Z sin at cos tzdt = (lz] < a)
T Jo t 0 (|III| S a)
Then, we have
T
* Py <
/ Lsinatcostzdt = { 2 (I < a)
° ! 0 (lz] >a)

which is called Dirichlet’s discontinuous factor.
Putting a = 1 and z = 0 in the expression of the
integral, we obtain a well-known formula
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sint
/0 —dt=g

(2) Consider Fourier transform for the sign

function;
. -1 (z<0)
sign T =
1 (z>0)
0 ) 00 )
Fit) = —/ 1-e *%dx +/ 1-e “=dy
—o0 0
— 2__1_ m (e——itN_eitN)

it it Nooo
where the 1\}1_[&( -+) does not exist. Then, we
introduce the damping factor (or the convergence
factor) multiplying e~%* as follows.

0
F(t) = lim (— / e*Te My

a—0 —oo
Sl .
+ / e—aa: —zt:cdx)
= lim
a>50 a— zt a + it

=
- a—‘O (zt 1—a zt+a)
(% —imé(t) + + zw&(t))

it
Verify inversion formula directly
e 2 .
= — — = — e dt
f@)=g [ zewa=g [ e

1. .
= —IiTSigN T = Sign x
LY g
This is the required expression:

. 2
—
sign T g

(8) Consider Fourier transform for the func-
tion defined by the equation

18 (g <)
0 (lz] > a)

fl@) =
which is symbolically denoted A (5)

oy = [ (1—%)6‘”%{3
0
= / (1+£)e‘“zdx
o a

+ Aa (1 - %) e " dg

sin at\ *
_ 1 _ 1 2
= @(2—2cosat)_a 7
2
. at\ 2
Sin 5
= a|— (26)
2
Verify inversion formula:
sin at\ *
— 1 « §_ it
f@) = 5 N I dt
2

1 itx
—2(1 —cosat)e dt

12 *
T 2ma
1 * 1 ztm
b 1
— / 7 cos ate‘tzdt}
1 1
- {/ ztzdt
am oo 2

1 o0
_ §‘/ t2 (ez(a+:c)t + ez(:z a)tdt}

= — {7r|g;|——(|x+a|+|x—a|)}
— 7{|x|—§(lx+al+lx—a|)}

142 (—a<z<0)
1—— (0
- (0<z<a)

This is the required expression:

A (E) << a sincza—t
a 2

From Fourier’s integral formula, it follows that

flz) = / = (1— cos at)e't=dt
1= B g <)
0 (lz] > a)

Putting z = 0 into the above equation, then we
get

1
/ t_2(1 —cosat)dt = am
—oc0

Further putting a = 1, we have
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{e'o]

/ tlz(l —cost)dt =

(4) Consider Fourier transform for the func-
tion;

fla)= ek
anz/wfmvmm

(0] 00
— / ea::e—zt:c 4+ / e—ame—ztmdx
—oo 0]

1 1 2a
= 2
a—it+a+z’t a? + 2 (27)

An another method of calculation by the use of

Laplace transformation has shown

F(t):/ e~olzlg=itz gy

—oQ

2a

o0
= 2 —azT e
/) e %" costzrdzx 71

Verify inversion formula:

— 1 = 2(1 itz
flx) = 5 / e dt

oo 2+ a?

a [ 1
== et dt
T J_oo t2+a?

By using the theory of Residues, it is found that
when a > 0

i 1
itz . .
€?dt = 2miRes(t = ia)
/_w 2 + a?

1 T
= omi - —¢tla)r — "¢
2ia a

—azr

In a similar manner, when a < 0

i 1
ite : .
e *dt = —2miRes(t = —ia)
/_(,C 2 + a2 (

ei(—ia)z: — E ax

= 27 - 15

—2ia a
Hence, for all values of x, we obtain the pair

2a
12 4 a2

—alz|

€

(5) Consider Fourier transform for the func-
tion; f(z) = e~=", which is called Gauss function

or Normal distribution in the probability thoery:

Ft) = / e ey

—oC

0 . 2
= / e~ @8~ gy
—00

By using Cauchy’s theorem, f f(2z)dz = 0 since

f(z) = e~ is analytic with respect to z = z+i~,

2
12 0 142
Ft) = e‘T/ e~ @+ gy
—00
{o%e}
= 6_142/ e dr = e‘; s
—o0

An another method by means of the theory of
differential equation is shown:

dF(t) _ * —z? . —itx
3 - /_ooe (—iz)e *“dz

— 2 °° de—:cz —itz
= 3 /_ . ( . )e dz
_ 3 —2?__ite]

T2 {[e ]

— / e (—it)e‘itrdfz:}

t [~ ;
= -3 /_w e e dg

t
= —2F() (28)

In order to solve the differential equation F”(t) =
—%F(t) by separated variable,

2

log F(t) = —tz + ¢ (c = constant)

Consequently, we obtain

Ft)= e+ = Jfre 5 (F(0) =i =¢)

Verify inversion formula:

1 [ 2
flz) = 57?/_00 Ve~ Tttt
— 1 e—:r:2 *® e—%(t+2ix)2dt
2T —eo

1 g2 o0 12
= me /_we T dt

1 . .
= me 2\/7_I' =€

However, it is convenient for the expression of

2

Fourier transforgl for Gauss function that the ex-

z° .
ponent has -5 instead of —z2. We write the

pair
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1.3 Some properties of Fourier trans-

formation

In order to discuss the properties of Fourier
transformation, we shall again write the defini-
tions of Fourier transformation for the pair f(z)
= F(t):

flz) = % /_  Ft)et=dt
and
F(t) = / Y e do

(1) Symmetry and Conjugate
By the substitution x = —z in the definition
(1), f(x) becomes

f(=z) = % /_ " F)et -t

_ l * —ixt
= o /_ _ F(e=d

From this, changing the variable z — ¢, we have
the pair of Fourier transformation

F(z) < 2rf(-1)

Consider Fourier transformation for conju-

gate functions:

f(m):/_w me‘“mdx:/_w f(z)eit=dz

_ / " f(@)e-i-9=dg = T (29)

Then, we may write the pair of Fourier transfor-

mation as

f(z) <= F(—t) and f(z) < F(-t)

Putting x = —z in the above equation, we get

A = [ " e da

= /_0:0 f(—z)et=dz

= [ " f)e-wdy = F(D) (30)

Then, we may write

f(z) <= F(—t) and f(—1) < F(t)

(2) Linearity
2.1) scalar product (similarity)
Consider the integral,

o) = [ e f(aan)ds
Substituting ax =y (a > 0), we have
Flftez) = [ et %=1 (2)

In a similar manner, when a < 0, then,

Fifte) = |

T
e f(z) %

oo

[t e ()

Therefore, for both cases we may write

Ff(an) = o / " et f(ag)da

_1p(l
la|” \a

The multiplication to z of the function f(z) by a
corresponds to the division of Fourier transform

t
F (=) by lal.
(a) y |a

f(+az) <= lailF (2) (31)

2.2) Addition (Shifting)
Consider the integral:

F(f(x+b)) = / e~ f(z £ b)dz
On replacing z £ b by y, the integral reduces to
Fab) = [ e o™ )0

— e:!:itb/ e—ityf(y)dy — e:l:itbF(t)

That is to say, the translation of z in f(z) by
a=+b corresponds to the multiplication of Fourier
transform F'(t) by t Fb.

The Fourier transform F(e**% f(z)) may be

given:
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{oe]

Fee f(z) = /

—0o0

e—it:c {eﬂ:iba:f(x)} dt

_ /00 e—i(t:':b)rf(:)';)dx — F(t F b) (32)

The multiplication to the function f(z) by e¥it?

corresponds to the translation of t in F(t) by tFb.
flz£b) < e F(t)and e < F(t Tb)

Combining the equations (31) and (32) fur-

thermore, we have
Fflaz +b) = et (L
"~ al a

(8) Fourier integrals for derivatives and in-
tegrals
3-1) Consider the integral for the first deriva-
tive of function f(t)

(d{i(;) > [i: e‘it“’f'(x)dfc
= [ % f ()] _+it / " et f(2)dr — itF(2)

Differentiation of the function f(z) corresponds
to the multipication of Foutier transform by it.
In like manner, we have for the second derivative:

f(éff_@_)) _ /°° @)

dx? oo dz?
— [e—ztm df(fl?):| + t/oo e—itmf/(x)dz
= (it)2F(t)

In general, we may expect

F(f™(z)) = @"F(t) (33)

This relation is of great importance to apply Fourier

transformation to solving differential equations.
Consider Fourier transform for the function mul-
tiplying —ix:

Fliz- f(z)) = /

—oQ

= [ f@g )i

—izf(z)e *"dx

=& [ @i =GR

The multiplication to the function by —iz corre-
ponds to differentiation of Fourier transform. In

general, we may expect

Fl(=ia)" @) = 3= F(0)

or Flz™f(z)) = i”i—ZF(t)
Symbolically,

F(z) <= (it)"F (1)

(i) (@) = T F(0)

3-2) Consider the following integral:

f(f f(y)dy) = /_Z e (f f(y)dy> dx
e o]

1

o /_ e oo = —F(t)

As usual, we write

([ swa) = 5rw 39

(4) Convolution
The convolution is defined

frg® /_ - flz —y)g(y)dy (35)

Consider Fourier transformation of the convo-

lution:

Afro= [ { [ i@ —y)g(y)dy} e
-/ - { [ ta=pe it y)}

x g(y)e *¥dy = F(t) /_ h g(y)e *¥dy
= F(t)G(t) (36)

That is to say, Fourier transform of the convolu-

tion is the product of each of Fourier transforms.
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9= FOG®)

Using the formula (36), we shall show

[ u@ra =g [ iFopa @1

which is called Parseval’s equality.
By means of the definition of inverse formula,
it follows that

frg=[ " f(@)ely —2)de

_ i * ity
- /_ RACIEOn
By the substitution y = 0 in the above equation,
we have
[ 1@yt = - [ FoG@a

Providing that g(—z) = f(z), it follows that

G(t) = Flg(z)) = F(f(-2)) = F(O)

Hence we obtain
/ f(z)f(@)dzx F YF(t)dt

This is the formula requlred.

2 Applications of Fourier

Transformation

2.1 Ordinary Differential Equations

As an example, we wish to solve the general
type of ordinary differential equations with con-
stant coefficients of the second order

aD*y(z) + bDy(z) + cy(z) = f(z) (38)
under the initial conditions;

y(0) =po and ¢'(0) = qo

where D = & and D% = % are the differential
operators and pp and ¢o are constants.

We need to extend the domain of the param-
eter t to —oo due to the use of Fourier transfor-
mation method as described below. Hence the
function f(z) is assumed to be zero in the do-
main for 0 >t > —oo. The Initial conditions are

rewritten due to the discontinuity at ¢t = 0 :

y(0) = pod’(z) and 3'(0) = gob(x)

We introduce here notations to represent the
pair of Fourier transformation. Let us define

Fourier transform of y(z)

YO = Fu@) = [ u@ed
and define inverse Fourier transform
W(z) = FUY (1)) = 51; / Y (t)e=dt

The suggested procedure for solving the differ-
ential equations by means of Fourier transforma-

tion is as follows:

Step 1. Make both members of the equation
of interest Fourier transform.

Step 2. Solve an algebraic equation to be trans-
formed in Step (1).

Step 3. Make the solution of the equation in

Step (2) inverse transform.

To solve the equation (38), We shall first solve
the following differential equation

aD?*g(z) + bDg(z) + cg(x) = () (39)

where the solution g(z) of the equation (39) is in
general called fundamental solution.

Taking Fourier transforms on both members in
the equation (39), a desired algebraic equation as

a function of ¢ may be written

a(it)? G + b(it)G+ ¢G = 1

Consequently,
1 1 1 1
atz_igt_g a(t—a)(t—p)
a a

11 1 1
T aa-— t—a t—p
where o and [ are the roots in the quadratic

b c
uation, t? —i—t——==0
“ ’ a a

b+ b + 4a ibx+D

o\ 1 c %
8 ] 2a T 2a
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Case (1); D = —b* +4ac>0

9(z) = F(GW)

1 1 1 1
- FI{_aa—ﬂ (a:—a_:v—,@)}

1 1 1 , _
= _Eﬁﬂ%z {Res(z = a)
o

— Res(z = 0)}

—1 iar ifx
= —{e*"—e

ok )
— __Z’_e—ﬁ:c {ez zf:n_e—zégr}

The required solution y(z) may be written
2 ... (VD
ylz) = ﬁe sin (2—ax> H(z) * f(x)
+ pob'(z) + gob(z)
Case (2); D <0
g(z) = FHG®)

(11 1 1
= 5 {_aa—,@(a:—a_m—ﬁ)}

1 1 1

= ———-—2 ) et
2 75 o i {Res(z = @)
e
— Res(z = 0)}
— %{eicxm _ eiﬁm}
1 b vD VD

-l

S (\/D )
= ——e 2a%sinh | —=z
2a

The required solution y(z) may be written
2 e VD
y(z) = ﬁe 22" sinh <%—x> H(z) * f(z)
+pob'(z) + god(x)
Case (3); D=0

9@) = F 1 (g(t)) = F {_1_1_}

a(z —a)?

11 N PSR
== %mRes(z =a)= 2(za:)e 2

= 1a:e‘%“’

2
The required solution y(z) may be written

Y(z) = —5 (im)e %

- %Ze‘%”H(fc) * [ (@) + pob’(z) + goé(z)

Example 1. Solve the following differential equa-
tions.

(1) Dy(z) = 6(z) (2) Dy(z) + ay(z) = (=)
(3) Dy(z) — ay(z) = 6(z) (4) D*y(z) = 8(z)
(5) D*y(z) + o> Dy(z) = 6(=)

(6) D*y(z) — a® Dy(z) = 6(=)

Solution.

(1) The equation in problem is to be thought the
definition of Dy(z) = 6(z). Hence, the general so-
lution may be written y(z) = §(z) + constant term.
However, the constant term is omitted for simplic-
ity. it is not so easy to find the solution by means of
Fourier transformation.

Proceed as above,

(it)Y =1 then, ¥ = % = %sign:c
This is wrong. The correct answer is

Y = 2 4 mb(t) <= Ha)

Hereafter, apply the method of Fourier transfor-
mation described above.

. 1 —az
(2) {it+a}Y =1 then, Y = ita
The solution is e~ ** H (z).
(3) {it—a}Y =1 then, Y = 'tl s e
it—a
The solution is e** H(z).
2 1 1
(4) (it)°Y =1 then, Y = -5 = §|a:|

1
The solution is §|a:|

(5) {(it)> + a®}Y =1 then,

1 sinazx

Y =- <~
t2 — a2 a

. . sinaz
The solution is .
a

(6) {(it)> — a®}Y =1 then,

_ 1 —alz|
Y——tz_l_—az@e e

—ale|,

The solution is e
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2.2 Partial Differential Equations

In this section, we shall be concerned with the
method solving the one-dimensional partial dif-
ferential equations of the second order, which are
closely connected with physical problems.

(1) Consider Laplace equation

Pu(z,y) | Fulz,y)
Ox? oy?

under the boundary conditions ;

= Au(z,y) =0

u(z,0) = p(x)
and u(z,y) —» 0 when 2?4+ % - o

In order to solve this, we shall first find the fun-
damental solution for the following differential

equation

Dg(z,y) = 6(z,y)

As in the proceeding procedure, we shall make
both members of the equation transform with re-
spect to ,

F(Ze)) - [7 T e,

Ox? e Ox?
:(mf[>g@wk*&m
= (i£°G(¢,y) = —€2G(¢,y)

gz, y)\ &P _ d*G(¢,y)
7(Fort) = apruen - S50

F(6(z)(y)) = 8(y)F(8(x))
= 6(y)
From these, an ordinary differential equation to
be solved is
a7 —£°G=46(y)

The solution of this equation has been known as

F(6(z,y))

a foundamental solution
G(t,y) = e~ vlél

According to inverse transformation with respect

to &, the fundamental solution is written

1
FCE) = 9m ) = 5t

then, by use of the convolution, the required so-
lution is written

_ 1 v
u(z,y) —zmmwm*%ﬁ+¢

1y
= ) E

_ 1= y
= 5 ) PO

(2) Consider one-dimensional wave equation
Ou(z,t) 2 0%u(z, )
ot? 0z?

under the intial conditions;

=0u(z,t)=0

u(z,0) = p(z) and u(z,0) = ¢(z)

In order to solve this, we shall first find the fun-
damental solution for the following differential
equation

Og(z,t) = 6(z,1)

As in like manner (1), a desired ordinary differ-

ential equation reduces to

d?
% + EEG(E,1) = 6(b)

The solution has been expressed from the formula
as a foundamental solution
sin ct€

Glet) = =

By inverse transformation, it follows that

FHGE ) = g(z,t) = H(z — |et|)

The required solution is written

u(z,t) = {u(z,0)6'(2) + ui(z,0)8(z)} * g(x, t)
= p(z) *g'(x,1) + q(z) * g(x, 1)

= p(z) * {6(z + ct) + 6(x —ct)}
1 xr+ct
- / ¢(0)d¢

c —ct

= {p(z + ct) + p(z — ct)}
T+ct
-2 [ s

CJz—ct
(3) Consider one-dimensional heat equation

Ou(z,t) 2 0%u(z,t)
ot Ox?

= Qu(z,t) =0
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under the initial condition;

u(z,0) = p(z)

In order to solve this, we shall first find the fun-
damental solution for the following differential
equation

Og(z,t) = 6(z, 1)

As in similar manner above, an ordinary differ-
ential equation solved reduces to

WD, e = o0

The solution has been expressed as a foundamen-

tal solution
Gle,t) = ¢
By inverse transformation, it follows that
FHCED) = glont) = | e T
The required solution is written

u(z,t) = pz)*g(z,t)

[ER
= 27”/ [ poe Aag



