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Synopsis

First, in the ranked spaces, we will define the notion of the R—continuity.  Next, using this notion
we will define the notion of a generalized continuous group and call it the (Semi-) Ranked Group with
indicator @. After that, we will define some notions, namely, homeomorphism, homomorphism, isomorphism,
subgroup, normal subgroup, quotient group and direct product group. Using these notions, we will attempt
to construct a general theory of the Ranked Groups with indicator . Furtheremore, in this paper, we
will also define some notions, namely, ranked ring, ranked field, linear ranked space, ortho—continuous

group, para—continuous group, etc.

Introduction. Prof. K. Kunugi introduced, in 1954, the notion of a non-topological space, namely,
the Ranked Space!’ as an extention of the Metric space and the Normed Space, and introduced further,
in 1956, the notion of a generalized integral based on his theory of ranked spaces and called it the
(E.R\) integral® After that, in 1968, M. Washihara [6] gave a special definition of the Ranked Group
with indicator wg (wo is the first non—finite cardinal). But the general definition of the Ranked Group
with general indicator @ has not been given yet. On the other hand, in the Note [12] H.R. Fischer
introduced, in 1959, the notion of limit group as a generalization of the notion of the topological groups.
In a sense, a ranked group is considered to be a limit group® In this paper we will attempt to give a

general definition of the ranked group with genmeral indicator @ and construct its general theory.

§ 0. Ranked Spaces. The purpose of this section is to explain some notions of ranked spaces.
Let us introduce the notion of ranked spaces according to K. Kunugi [3] and S. Nakanishi [4].

Consider a non-empty set S (called a space) endowed with such a structure that each point p of S has
a non-empty family {V(p)} of subsets of S(V (), V(p)<S, is called a neighbourhood of b) satisfying the
axioms (A)and (B)of F. Hausdorff® Givena point p of S, we say that a monotone decreasing sequence
of neighbourhoods V. (p) is type 7, where 7 is an ordinal number of Cantor, if a runs over the set
0<a<y of all ordinal numbers and if V, (6) 2V5(p) for all a, B with 0<a<<g<y:

() Vo(h)2 Vi(0)2 Va(p) 2-2Va(p) D-oer, 0< a<jy.
The sequence (7) which has no neighbourhoods V; (p),V; (p) € {V(®)}, such that NV, (p) 2V, (p)0<a<y)

is said to be maximal. We will denote by @ (p,S) the smallest ordinal number of types of maximal
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3) In the case of indicator @, we get this statement by the method as is taken in the Note [6] (pp. 4-5).
4) [31], p. 213.



— 46 — Memoirs of the Tomakomai Technical College

monotone decreasing sequences of neighbourhoods of p. Now, let us consider such a space that there is at
least one point having a maximal monotone decreasing sequence of neighbourhoods.  Then @ (S), @ (S)=

}Iggw(p, S)=g}gn w(p, S), is called the depth of the space S. (S) is an inaccessible ordinal number.9

Let us choose once for all an inaccessible ordinal number @ such that we<w<w (S). o is called indicator
of S. Given an ordinal number a, which runs through the interval 0<a<lw, suppose that we have a set
B, of neighbourhoods, called neighbourhoods of rank a. Then S is said to be a ranked space if the
sequence of sets B (0< a<w) satisfies the following axiom (a) of K. Kunugi®:

(@) For every neighbourhood V (p) of p (p€ S) and for every ordinal number a such that 0<a<o,
there exists an ordinal number =g (p, a, V (p)) and a neighbourhood U (p) of p such that we have at the

same time
a< p<lo, Up)EV (), U(b) €8s

We will denote the ranked space by {S,B.}. A monotone decreasing sequence of neighbourhoods of

points :
Volpo) 2V1(p1) 2Va(p2) 22V (pa) 2+, 0< <0,

is said to be the fundamental sequence, if there is an ordinal number 7 (@) such that Va(pa) € By for
all @, 0<a<o, and satisfies the following two conditions:
(i) 7O<7M< r@< <@ < (0<7 (@ <o), sup 7(@)=0,
(ii) for each a, 0<a<lw, there is a number 2=2(a) such that a<ilw, pi=piz1 and ¥ () <y (A+1)
(except the equality).

The ranked space S is said to be complete, if, for every fundamental sequence {Vu(pa); 0<a<lw} of
neighbourhoods, we have 6‘},‘! (pa) 9.

Given a sequence {p«; 0<a<w} of points of S and a point p of S, we say that the sequence
{pa; 0<a<w} ortho—converges to the point p, or that p is an ortho-limit of {p«; 0<a<w}, if there
is a fundamental sequence {Va(p); 0<a<w} consisting of neighbourhoods of p such that Ve (p)3p« for

each a. In this case, we shall write
pe{lim p.}.
a

{lim pa} is not a set consisting of one point alone in general.
a

Let R, S be two ranked spaces with same indicator @. Then we will say that the mapping f: R—S

is ortho-continuous at the point p in R iff
PE {lim pa}=f () € {lim f(pa)}.

The mapping f is said to be ortho—continuous if it is ortho—continuous at each point of R.

Let A be a subset of {S,®B.}. For every point p of A, the neighbourhood of p in A is the set of points
of A defined by the relation V(p, A)=V(p) N A, where V(p) is a neighbourhood of p in S. We also
define the family B« (A) (0<a<w) of neighbourhoods of rank a of points of A as follows:

V(p, A) € Ba(A) iff V(p) € Ba, where Bq is a family of neighbourhoods of rank a in S.

Then, A is a ranked space with indicator w. We call it a ranked space induced from {S,%B.}.

Moreover, let us consider a ranked space A induced from S such that: for every p€ A and for every
fundamental sequence {Ve(p, 4); 0<a<w} of neighbourhoods of p, there is a fundamental sequence {Va«(9);
0<a<w} of neighbourhoods of p in S for which we have V. (b, A)=Va(p) N A for each a. We call this

5) A limit number a is said to be inaccessible, if, for every 8 with g<a and for every function a(7)
defined for 7 with 0<y<8, such that 0<a(y)<a, we have always sup a(r) <a.
T

6) L3]I p. 319.
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A a ranked subspace of {S,B.}. We will denote the subspace A of {S,Ba} by {4,Ba(A)}. When
{pa; 0<a<lw} is a sequence of points of A and b is a point of A, we have pe {lzm ba} in A iff pe {lzm Pat
in §.9

As the trivial examles of ranked spaces, there are metric spaces,® M. L. Schwartz’s distribution

space (D)9, ete.

§ 1. Definition of Ranked Group. Throughout this paper we suppose that every ranked space
{S, 8.} satisfies the following axiom (4):

(b) SE By.
i) R-continuity.
Definition 1. A mapping f: {S, Bd} SV —p'€{S',B/a} is said to be R—continuous at the point

p if the following condition is fulfilled :

For any fundamental sequence {Va (p); 0< a<w} of any point p in S, there exists a fundamental sequence
{V'a(¢); 0<a<<w} of the point p'=f(p) in S’ such that

FVa(O)EV 2 () Va5 0<a<l0).

The mapping f is said to be R-continuous if it is R—continuous at each point of S.

Proposition 1. Every R-continuous mapping is ortho-continuous. But thc converse is not true.

Definition 2. f:{S, Bu}—{S, B's} is called a homeomorphism iff f is bijective and bi-
R—continuous. In this case, the spaces {S,Ba} and {8',%B'a} are said to be homeomorphic to each other.

Proposition 2. Let f be a mapping of {S, 8.} into {S,B'a} sucn that f: SOy p——p'€S. Then,
for each a where 0<a<<w, we have the followings :

(1) if f(Ba(p)Z B'a(p') then f is R—continous at the point p,

thus,

(2) if f is bijective and if f(Ba(p) S Bla (1) &f1(B'a (p')) SBa (p), then f is a homeomorhism.

if) Direct Product Ranked Space.

Let

{S1, B8P (p2)} (€ Si; 2€4, 4 is any indexing set)
be ranked spaces with same indicator w. And put
|' S=1IS; (direct product set of S;)

gl

| p=(p)ies €S, MES; A€
B (p)= {17 V@ (p2); VO (p3) e%m (a<va;<w) & Min (a;; 2€A=a} (Va; 0<a<la).

Then, S becomes a ranked space with indicator @ by Ba. (c.q.f.d). We call it the direct product
ranked space with indicator o of {S;, BD} (A€ 4), and denote it by {5, B}, {HS; 17}8(1)} etc.

Now, for each 2€ 4 and for any fundamental sequence {4 (pa); 0< a<lw} of any point p; in Si, a sequence
{U«(9); 0<a<w} (such that p=(phes and U, (p) =(u(;> (D:)se1 (Va3 0<a<lw)) is considered to be a funda-
mental sequence in S.

Therefore, we define the fundamental sequence in S as follows:

7) (87 1, p. 619.
8) [30], [3]
9) [34], Chap. 1L, § 1; [3], II, p. 552.
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Let p=(p:)iea be any point of G=I}I€?; and U« (p) (0< a<w) a system of elements of !B=;J_%§a (p) (0 a<lw).

Then, the sequence {Uz(p); 0<a<w} (UdD)=(UD (phes) is said to be a fundamental sequence of
p in G if, for each 2€4, {u® (p1); 0<a<w} is a fundamental sequence of pz in Ga

iii) Definition of Ranked Group with indicator o.

Definition 3. (I) For {G, 8.} with indicator o, if G is a group and the group operation

() fi:{GxG, BexBa}DV (x,y)—xy€{G,Ba} is R—continuous,

then {G, 8.} is called the Semiranked Group with indicator w. We denote this by <G,Ba>.

() For <G, ®B.>>, if the group operation

(i) f2: {G, B} dVa—x1€{G, B} is R-continuous,

then <G, B> is called the Ranked Group with indicator . We denote this by (G,Ba).

Proposition 3. For (G,B.), the conditions (i) and (ii) are equivalent to the following condition (ii):

(iii) fa: {GXG, BaxBa} DV (x, y)— 3y 1€ {G,Ba} is R—continuous.

Proof. (); Let {Va(p); 0<a<o} be any fundamental sequence of any point pEGXG such that
p=(x,y) where x,y€G. Then, there are two fundamental sequences {ua (¥); 0<a<w} and {v«(y); 0< a<lw}
in G such that Va(p)=(ke (%), va (3) (0<a<w). Since fp is R-continuous, for the fundamental sequence
{va(x); 0<a<w} in G, there is a fundamental sequence {v.(y); 0<a<ew} in G such that
2y 1SV o(y) (0<a<w). Moreover, since f is R—continuous, for {ua(x); 0<a<w} and {v(y1); 0<a<lo},

there is a fundamental sequence {wa(xy1); 0<a<w} in G such that
Ua (1) Ve (1) S wa (237 (0<a<0).
Hence, we have

fa: Va(D)=(tta (), Ve (B ttec (%) *va (3) St () * Ve (y~1) S0 (2~ N=w. (fs(p) 0<a<w). Namely,
f3 is R—continuous.
(ca); Let {#ta(x); 0<a<lo}, {va(3)3 0<a<w} be any fundamental sequences of x,y in G. Since f3 is
R—continuous, for {va(y); 0<a<w}, there is a fundamental sequence {v'a (7)) ; 0<a@<lw} in G such that
far (e (0), va(Y)—tta (€) *va (B S0'a (y7) (0<0<00).
But, since va (3) 'S tta (€) +va () 1S 0a (yY), f2 is R—continuous. Hence, there is a fundamental sequence
{v/a (3); 0<a<w} in G such that
the (%) * O (3)= the (%) * (Ve () Stk () + (0 1))
Moreover, since f3 is R-continuous, there is a fundamental sequence {wa (xy); 0<a<w} in G such that
ta (%) + (Vo (y 1)) S0 (x (1)) = wee ().
Thus, we have
Srt (e (%),0a (3)—the (%) +0a () Swa (1) (0< <)

Namely, fi is R—continuous. (q.e.d.)

Proposition 4. For every ranked group G, the preceding conditions (i), (i1) and
(iii) are respectively equivalent to the following conditions:
(i) For y#, y€G and for any fundamental sequences {ita ()5 0< @<}, {va(9); 0<a<lo} of x,y, there

is a fundamental sequence {w.(xy); 0<a<w} of xy in G such that

Ua (1) *Va () St (x3) (Ve 0< <o),
(if') For any fundamental sequence {tta (x); 0<a<w} of any point x in G, there is a fundamental

sequence {va(x1); 0<a<w} of 1 in G such that

e ()1 S va (xY) (Va5 0<a<lw)
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and
(iii") For yx,yE€G and for any fundamental sequences {ua (x); 0<a<lw}, {v«(3); 0<a<w} of x, ¥, there
is a fundamental sequence {we (xy-1); 0<a<w} of xy! in G such that
Ua (%) *va (W) Swa (x37) (Va3 0<a<la).
In fact, for any p=(x,y)€G xG and for any V, (D)= (tha (%), va(y)) €BaxB, (0<a<w) such that {ua (x)}
{va(»)} are fundamental sequences of x,y in G, the following statements are true:
() sa (%) e =S1(Va (D) ST wa (f1(D)=wa (xy) for Va, 0<a<w,
(V) sta (%)= f2 (e (%)) ST (f2 (%)) =0a (¥7Y) for Ve, 0<a<lo,
and

(1) sta (%) *0a (' S s (Va (D) ST wia (f3 (D) =wa (xyY) for Va, 0<a<o.
Therefore, this proposition is true.

3’

Corollary. 1If the indicator of the ranked group is w, then the notion of ranked group in our sense
coincides with the notion of ranked group in the sense of M. Washihara [6].

By the definition of the ranked group, we have the following :

Proposition 5. For every (G,Ba), fo: x—— 2! is a homeomorphism :

Proposition 6. Let ay, ap, -+, am be a finite system of elements of (G,Ba), let ]t a)2--al™=c be
a product of powers of the a&’s, where the powers may be positive or negative, and let {U(a)); 0<a<lo},
{UD (a); 0< a<lw}, -, {U™) (am); 0<a<<w} be arbitrary fundamental sequences of the elements a;, as,

-,@m. Then there is a fundamental sequence {Walc); 0<a<lw} of the element ¢ such that
U (@)1 U2 (@72 U (@ S W () (0< ),

where U® (a5) is taken equal to U (a5} if @s=aj, the same being true for a greater number of equal
elements.

iV) Neighbourhood systems of the Identity.

(1°) Translations of the ranked group.

Proposition 7. Let a be a fixed element of {G,Ba>. Then the right and left transiations of G,
namely,

Ya i X—xa, la: x—ax
are homeomorphisms of G.

In fact, since x,a€ <G,%B,), for any fundamental sequences {ua (x); 0<a<w}, {va(a); 0<a<w} of x,a

in G, there is a fundamental sequence {wa (2a); 0<a<<ow} of xa in G such that
Ua (%) *va (@) Swa (xa) (0< a<w).

Hence, 7q(tta(x)=1tte (%) a < Ua (%) *Va (@) CWa (@) =twa (7o (x). This shows that 7a is R—continuous.
Moreover, 771l x—a~lx is R—continuous by the same argument as above. Hence, 74 is a homeomorphism.
The fact that /4 is a homeomorphism follows similarly.

Proposition 8. Both <G, ®B.) and (G, Ba) are homogeneous. Namely, for P, q€G, there exists a
homeomorphism f of G such that f(p)=4q.

In fact, for V p,¢q€G, consider the mapping f: x——gp~lx. Then f is a homeomorphism by
Proposition 7 and f(p)=¢g. Hence <G, B> is a homogeneous space. Thus (G,B,) is also a homogeneous
space.

(2°) Neighbourhood systems of the identity.

Proposition 9. Let e be the identity of group G. And for every (G, B.), put

[%s%<e>=§oasa (@)
for ¥ a€G and for ya where 0<a<w, Ba(a)=B4(¢) a=a-B. (o).
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Then, B possesses the following properties:
1) for v VER, e€V,
2) for ¥ U, VESD, there is a WEB such that UNVIIW.
3) for ¥ VERB and for any a, 0<a<w, there is a 8, a<f<lw, and a U in B; such that USV,
4) GEDB,,
5) for v U, V€D, there is a WESB such that UV-ISW,
~or 5 for ¥ U, VEB there is a WEDB such that UVEW, and for ¥ UED there—
.—is a VEB such that U-1ZV, J
and
6) for Ya€G and for ¥ VESB, aVa'E€R.
Proposition 10. (Sufficient condition)
Let G be an abstract group, B.(€¢) (0<a<w) a system of families satisfying above conditions 1)—6)
of its subsets including the identity ¢ in G. If, for any ¢ €G and for all & (where 0<a<lw),

(H) Ba(@)=Ba(¢)-a  [or Ba(a)=a-Ba(¢)]

then

(1) G becomes a ranked space with indicator @
and

(2) {G,®B.} is a ranked group with indicator w.

In fact, since every B, (a) (0<a<lw) satisfies the conditions 1)—4), G is a ranked space.

Moreover, for v (x,y) EGXG and for v (Ux, Vy) €B (x) x B (y) (where U, VEB(e)), there exist V/ and W
in B(¢) such that

Ux- (Vy)—l: on)er—-l: U. V/—-lxy—lgny—-l.

Therefore, {G, B} becomes a ranked group.
Proposition 11. If (G, B> (or (G,Ba)) satisfies the following condition
for ¥ a€G and for Ya where 0<a<w, Ba(a)=Ba(e) :a=a+B«(e),

then, for ¥V, g€G, there is a mapping f such that f(Ba(p))=DBa(g) for each a where 0<a<w.
In fact, for Yx€G, consider the mapping f: x——gp~lx.

§ 2. Subgroup, Normal Subgroup, Quotient Group.

i) Subgroup, Normal subgroup, Quotient group.

Definition 4. (I) Let G be a (Semi-) Ranked group with indicator w. A subset H of G is called
a subgroup of the (Semi-) Ranked group G if

{i) H is a subgroup of the abstract group G,

(ii) H is a ranked subspace of {G, Ba}.
We denote this by (H, B, (H)) (resp. <{H,B(H))).

(II) A subgroup N of a (Semi-) Ranked group G is called a normal subgroup of G if N is a normal
subgroup of the abstract group G.

Proposition 12. (H,8B.(H)) (resp. <H,B.(H))) becomes a (Semi~) Ranked group with indicator w.

Proof. To prove this it is sufficient to show that the group operations in H are R—continuous in the
ranked space H. Let a, b be two elements of the set H and let {u« (@) N H; 0<a<lw}, {va(0) NH; 0<a<lw}
any fundamental sequences of @, b in H. Since {us(a); 0<a<lw}, {va(d); 0<a<w} are fundamental

sequences of a, b in G, there exists a fundamental sequence {wq(ab1); 0<a<lw} of ab™! in G such that
(tta (@) N H) (va (b) N H)'Stte (@) »va () Swa (abt) (0< alw).

On the other hand, since H is a subgroup of G we have the following:
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(ta (@) NH) (va (b)) NH'S HH1C H.
Hence, we have a fundamental sequence {we«(ab) NH; 0<a<w} of b in H such that
(#a (@) NH) (va(b) NH) ' Swa(ab™) N H (0< alw).

Therefore, {Hx H, B, (H) xB.(H)} DV (a, b)——ab~'€ {H, B (H)} is R-continuous.
Remark Let {e} be the identity subgroup of G. Since VN{e}={e} for VVE‘IS(e)=aL:J0‘8a (e), {e}
becomes a normal subgroup of (G, B.).
Definition 5. Let H be a subgroup of (G, B.) (or<G,B.>>) and let G=G/H the totality of all left
cosets of the subgroup in the group G. If we put
FV(£)=V (x)/H={yH; y€ V (x) where V (x) €% (x)}
and

LB, (2)=Ba (1) H={V (&); V()= V (d/H, V (x)€Ba(x)} (0<a<a),

then G becomes a ranked space with indicator w. The ranked space G/H thus obtained we shall call the
space of left cosets of the subgroup H in the group G. Analogously we define the space of right
cosets and use the symbol G/H for it also.

In the cases where there is no danger of ambiguity we shall make no distinction between the spaces of

left and right cosets.
We denote the space of cosets by {6.?, ‘iéa}, {G/H, B./H}, etc.
Proposition 13. {G/H, B./H} is a homogeneous space.
In fact, for v ¢.5€G=G/H, by the mapping f: G i——ba! 2€C we have fla)=bat-ag=b.
Proposition 14. Let fbe the canonical mapping of the space {G,Bq} on the space {G/H,B./H},

S {G, B} BV x— 2 =xHE {G/H, Bo/H}.

Then, we have f(Bq(x)=28. (%) for each a where 0<a<w. Thus, f is an R-cotinuous mapping.

Proposition 15. If N is a normal subgroup of (G,B.) (or <G, BaD), then {G/N, B./N} becomes a
(semi—) ranked group with indicator @.

In fact, since G is a ranked group, for any fundamental sequences {ea(2); 0<a<w} (tia(d)=ua(a) N),
{Ua(b); 0<a<ow} (va(B)=va(B)N) of &, b in G/N there exists a fundamental sequence {wq (ab™!); 0< a<w}
of ab! in G such that . (@) *va (b)'Swa (ab1). Thus, we have i, (@)* Ve (b)) Stk (@) * v (BN S (@b1) N
=, (db-1). Hereupon the sequence {w.(db—1); 0<a<w} is a fundamental sequence of d5-1 in G/N.

Definition 6. Let N be a normal subgroup of (G, %B.) (resp. {G,8Bs>). Then, the (semi—) ranked
group (G/N,Ba/N) (resp. {<G/N,Be/N}) is called the quotient group with indicator w of the (semi-) ranked
group (G, By) (resp. <G, Bay) by the normal subgroup M.

ii) Isomorphism, Automorphism, Homomorphism.

Let S, S be two ranked spaces with indicator w and let H a subset of S. We assume that the mapping
in
0: {S, *Ba}avp—lgf)’e{S’, B} is satisfying the following condition (¥):

(i) For any subset A of S, we have ¢(ANH)=¢(A) N (H),

(ii) For any fundamental sequence {Va(p); 0<a<<w} of p in S, the sequence
{Va(#); 0<a<lo} (Via(p)=¢(Va(p) is a fundamental sequence of P in &

(%) and

(iii) For any fundamental sequence {V'a(p!, H'); 0<a<w} (H'=¢(H)) of p' in H,
there exists a fundamental sequence {Va(p, H); 0<a<<w} of p in H such that

L o (Va(p, H)=V'a(p', H') for each a where 0<a<o.
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Then we have the following:

Proposition 16. ¢ ({H,B.(H)})={H', B (H"}.
(subspace) (subspace)

In fact, since ¢ is satisfying the condition (#), for any fundamental sequence {V'q(p', H');0<a<ow} of
p'=¢(p) in H', there is a {Va(p, H); 0<a<w} such that ¢ (Va(p, H)=V's(p', H') for each a where 0<a<w.
On the other hand, since H is a subspace of {S,%Ba}, for any fundamental sequence {Va.(p, H); 0<a<w}
of p in H, there exists a fundamental sequence {Va(p); 0<a<<w} of p in S such that Vi (p, H)=V.(p) N H
for each a where 0<a<lw. Therefore, we have Athe following :

Vi (', H) =0 (Va(p, H)=0 (Va(p) N H)=V'e(p)) N H.
And now, since {V’.(p'); 0<a<w} is a fundamental sequence of p' in S’, we have
o ({H, Ba (H)})={H', '« (H)}.
(subspace) (subspace)

Definition 7. A mapping g of a (semi-) ranked group G into a (semi-) ranked group G' is called a
homomorphism if

(i) & is a homomorphism of the abstract group G into the abstract group G,

(i) g satisfies the condition ().

For instance, the canonical mapping: G3yx——xNEG/N is a homomorphism.

Proposition 17. If (G, %a)i(G’, B',) and H is a subgroup of (G, Ba), then g(H) is a subgroup of
(G', %)

Definition 8. A mapping f of a (semi-) ranked group G on a (semi-) ranked group G’ is called an
isomorphim if

(i) f is an isomorphism of the abstract group G on the abstract group G/,

(i) f is a homeomorphism of the ranked space G on the ranked space G’.

Two (semi~) ranked groups are called isomorphic if there exists an isomorphism of one group on the
other. In particular, an isomorphism of a (semi-) ranked group G into itself is called an automorphism of
the group G.

Remark Let H be a subgroup of (G, B) and let (G, 58.,)’;(0’, B'z). In general, f(H) does not form a
subspace of (G',®'s). But if f satisfies the condition (ii) in (%), then f(H) becomes a subspace of {G', B's}
Thus, in this case, f(H) is a subgroup of (G',®',).

Proposition 18. If (G, %a)i(G’, B',) and if N=g-1(e!) is a subspace of (G,B,), then

(1) N is normal in (G, Ba),

(2) (G/N,B./N)=(G', %),

(3) This isomorphism satisfies the condition (ii) in (¥). Thus, this isomophism satisfies the condition (%).

Proof. As is known from group theory, we have G/N:;G’. This algebraic homomorphism f is
GINDaN—g(a) €G'. Now, for any fundamental sequence {V, (@) N; 0<a<lw} of @ in G/N, we have
f(Vala) N)=g(Va(a))=V'a(a'). And the sequence {V'a(a'); 0<a<w} is a fundamental sequence of ' in G'.
Hence f is R—continuous.

Now, let {V'z(a'); 0<a<w} be any fundamental sequence of @’ in G/, and put H'=G’'. Then, by the
condition (iii), there exists a fundamental sequence {Va(a); 0<a<w} of @ in G such that g(Va(a)= V' (')

for each @ where 0<a<lw. Thus, we have the following:
SAVa(@)=f7 (g(Val@))=Va(a) N (0<a<o).

Since {Va(a) N; 0<a<w} becomes a fundamental sequence of @ in G/N, f~! is R-continuous.
Therefore, f is an isomorphism.

Proposition 19. Let N be a normal subgroup of (G,B.), M any subgroup of (G,%B.), and
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(G, %«)’E(G/N, Ba/N).  Then g(M) is a subgroup of (G/N, Bo/N). And if MN is a subspace of {G,B.}
and N a subspace of MN then MN/N is a subgroup of the ranked group G/N, and g(M) is isomorphic
with HNJ/N.

In fact, this isomorphism is given by the mapping f: mN— g (m) (m€ M).

Remark. Assume that (G, SBa)EJ(G’, B'z). And let N=g-1(¢) be a subspace of (G, %), A a subgroup
including N of (G,%B.). And suppose that AN becomes a subspace of G. Then since the restriction g|A
of g on A is a homomorphism, we have AN/N==g(A) in the sense of the ranked group. In particular,
if g is the canonical mapping of G onto G/N, then A/N which is a quotient group of the ranked group A
is isomorphic with A/N which is a subgroup of the ranked group G/N.

Proposition 20. If H is a normal subgroup of (G, B.) and a subgroup N of H is normal in (G, B,)
and H forms a subspace of G, then, in the sense of the ranked group, we have (G/N)/(H/N)=G/H.

In fact, as is known from group theory, we have G/H’; (G/N){(HIN).  This algebraic isomorphism f
is given by the composition mapping k+g of two canonical mappings such that G—g>G/NL>(G/N)/(H/N).
Since %-g is canonical, f is an isomorphism in the sense of the ranked group.

Remark. Let M, N be two subgroups of (G,B.). Both MN and MNN are not always subspaces of
{G, Ba}.  Thus, both MN and MNN are not always subgroups of (G, Ba).  Therefore, the Second
Isomorphism Theorem is not always true.

§ 3. Direct Product (semi-) Ranked Group.

i) Direct product (semi-) ranked group.

Proposition 21. Let 4 be any indexing set. For each 1€ 4, let (G;.,%(j))(resp. {G1,BWS) be a (semi-)
ranked group with indicator w. Then, the direct product ranked space {G,Ba}, ie., {nglﬁg%(?} is a
(semi-) ranked group with indicator w.

Proof. We have only to show that the mapping: (x, y)——xy of GxG onto G is R-continuous. Let
x, y be two elements of G, and {U, (x); 0<a<w}, {Va(y); 0<a<w} two fundamental sequences of x,y in
G such that, for each 1€4, U ()= (D (22) 2¢4 and Ve (=D (y)aca. By the definition of the
fundamental sequences in the direct product ranked space G, for each 1€ 4, {uW(xz); 0< a<w} and {oD(ya);
0<a<w} are respectively fundamental sequences of x; and 2 in {G;,%(i)}. Since each G; is a ranked group
with indicator @, for each 1€ 4, there exists a fundamental sequence {w® (r23:); 0<a<lo} of xyt in
Gi such that u® (%2) +vD ()1 S wD (229:7Y).  Hence, the sequence {W, (xy); 0<a<w} such that
We (xy~1)=(w® (x:13:71))2¢4 becomes a fundamental sequence of xytin G. Thus, for each 2€4, we have

the following:
Ua () + Va ()7 =(D (23) + 0D (32)124S (0D (a9 aga= We (x371).

Therefore {G,B.} becomes a ranked group with indicator .

Definition 9. The (semi-)ranked group{G, Ba}is called the direct product (semi-) ranked group with
indicator w of the ranked groups (G2, BA)) (resp. {G1,BW}) (where 2€4). We denote this by (G, B,) (resp.
<G, %B») and ({Z /‘Gz,lg‘%(f,)) (resp. <£ 1GA, ge A%(i)»,et&

Proposition 22. Let A be any indexing set, G=)ZG; the direct product (semi-) ranked group of the
(semi-) ranked groups Gi(€4), and {Va(p); 0<a<w} (p=(piies, va (D)= (pa)rea) any fundamental
sequence of pin G. Then, by the 2-th projection mapping pr;: ZAGBV(az)zeA—"aAEGz, pri{Va(p); 0< a<lw})
={vD (p2); 0<a<w} becomes a fundamental sequence of p; in Ga. Thus, for each A€ 4, prs is R-continuous.

Moreover, pr1(A€4) is a homomorphism of G onto Ga,
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Proposition 23. For each ¢ (i=1,2,..,m), let N; be a normal subgroup with indicator w of the
(semi-) ranked group G; with indicator w. Then, Nyx ---X Nm is a normal subgroup with indicator @ of
the direct product (semi-) ranked group G;x--+xGm with indicator w, and, in the sense of the ranked

group, we have

G] Xoeee XGm/Nl Xoeee XNm%Gl/Nl Xoeee XG'm/Nm.

Proposition 24. Let G=IIG; be a direct product (semi-) ranked group of some (semi-) ranked

i€

groups Gi(A€4). Then, G is complete iff G; is complete for each 2€ 4.

ii) Direct product decomposition.

Proposition 25. Let Nj,.., Nn be a system of ranked groups with same indicator w, e: the
identity of N;(i=1,2,...m), G' the direct product (semi-) ranked group of Ni,...,Nm. And let
0i: Nidx;—(ey,....0i-1, X, €34+1,em) EG’ for each i=1,2,..m. Then we have the following statements:
For each i=1,2,..,m,

(1) @: becomes a homeomorphism of the ranked group N; onto an induced space N'i(=¢i(N:) in G’

and N'; is normal in G'.

(2) In the sense of ranked groups, we have Ni;N/i, Niyx o X Np=N'yx - X N'y.

(3) In algebraic sense, G’ decomposes into the direct product of its subgroups N'j,...N'm.

(4) For any {VO ()} (F.S. of «i in N'i, 1<i<m), there is a {Va(2/)} (F.S. of x' in G')such that

V(:)(x’l)---V(’Z) (2'm) SVa (&) (&' =11+ x"m).
Definition 10. Let G be a (semi-) ranked group with indicator w, and Nj,...,Nm a system of normal
subgroups of the (semi-) ranked group G. We say that the (semi~) ranked group G decomposes into
the direct product of its subgroups Ny,...,Nn if the following conditions are fulfilled:
(1°) In algebraic sense, the group G can be decomposed into the direct product of its subgroups Ny,...,Nm,
(2°) For any fundamental sequence {Va (x); 0<a<<w} of x in G, and for each i=1,2,..,m, there exists
a fundamental sequence {V9 (x:); 0<a<lw} of xi in Ni such that Va(x)=V®(x;): VD (xn)
0<a<lw) (x=x1-xm, xi € Ni), .

(3°) For each i=1, 2,..,m, and for any fundamental sequence {U® (x:); 0<a<a} of xi in N, there exists
a fundamental sequence {Un (x); 0<a<lw} of x=x1--xm in G such that UD (xy)--- U™ (xm) SUa(x)
(0<a<w).

From this definition we have the following statement :

Proposition 26. Suppose that the ranked group G can be decomposed into the direct product of its
ranked subgroups Ni,...,Num. And let G’ be the direct product (semi-) ranked group of the ranked groups
Ni,.; Nm. Then we have the following statements:

(1) ¢: G'3yx=(x1,e,im)—x1--Xm €G becomes an isomorphism of the ranked group G’ to the ranked

group G,

(2) ¢ satisfies the condition (ii) in (%),

(3) @+ becomes an R-continuous identity mapping of N; onto itself for each i=1,2,...,m.

Proposition 27. Let G be a ranked group, and Nj,..,Nm a system of normal subgroup of G.
And suppose that G is decomposed into the direct product ol Nji,.,Nw. Then the projection mapping
pri: G 3 (ai) 1 cegm—ai € Ni is R-continuous for every =1, 2,...,m.

Moreover, as is known from the abstract group theory, a ranked group (G, B« (G)) is isomorphic to the
direct product of two subgroups (4,8« (A)) and (B, B« (B)) if (A, B« (A)) and (B, B« (B)) are normal subgroups
such that ANB=¢, AUB=G, B« (A)xBa (B)=B«(Ax B) (0<a<w). In general, we have the following:

Proposition 28. A ranked group (G, B« (G)) is isomorphic to the direct product of its subgroups
(Gi, B (GY)) (=1, 2,,..,m) if

(1) every G: is an abstract normal subgroup of G,

2 Gin (J;J‘Gj)=e for every j=1,2,..,m,
j T
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(3 G=UG: and B (G)= 1B (Gy) for every a, 0<a<a.
i=1 =1

iii) Embeddings of any group in a product group.

If, for each 2€4 (A€ 4, any indexing set), Gi=G, the product ZAGz is denoted simply by GA. G4 is
the set of all mappings of 4 into G, and if G is a group so is GA& Now if A=G, which is a group, then
G¢ is also a group.

By the mapping 7r: GDa——r.€GS (or 7,: a—la), G is mapped onto - (G) EGE (or 7, (G) SGO).
Therfore, we have the following :

Proposition 29. Any abstract group G can be embedded into GC, ie., there exists a one—to—one
mapping of G onto a subset of G&.

Notations. The mappings r: a——7a and 7,: a—sls of G into G6 will be called the right and
left canonical embeddings of G into GS respectively. In case G is an abelian group, r¢=Iq¢ and
thus »,.=7y.

Proposition 30. Let G be a (semi~) ranked group. Then G is isomorphic to 7-(G)S G6.

In fact, for every (G,%.) we have the following :

7 Nr Nr
a(€G)—rrq, U(ERB)«—r7ry={rala€ U}, Ba—rrg, ={r,]UEB} (0<a<a).

§ 4. Other ranked algebraic systems.

i) Ranked Rings.

Definition 11. An abstract ring R is called a ranked ring if the set R is a ranked space and if
the following conditions are fulfilled:

(1) The mapping (x,y—x—y of RXR into R is R-continuous,

(2) The mapping (x,y)——xy of RxR into R is R—continuous.

These conditions (1) and (2) are respectively equivalent to the following conditions :

(1) For any fundamental sequences {#a (x); 0<a<<w}, {ve(y); 0<a<aw} of any points x,y in R, there

is a fundamental sequence {w.(x—3); 0<a<<w} of x—y in R such that

e () =02 () S wa (x—y) (Va; 0<a<lw),

(2/) For any fundamental sequence {u«(x); 0<a<lw}, {va(3); 0<a<w} of any points x,y in R, there
is a fundamental sequence {w« (xy); 0<a<o} of xy in R such that

Ua (X) *va (y) Swa (xy) (Va3 0<a<la).

Moreover the condition (1) is equivalent to the following condition (1) and the condition (1'7):

(1) The mappings RXRD (x,y)—x+yER and RO x—— —xE€R are R-continuous.

7@ For any fundamental sequence {u«(x); 0<a<lo}, {va (»); 0<a<<w} of any points x,y in R,
there is a fundamental sequence {wa(r+3); 0<a<<w} of x+y in R such that

" Ua (%) +0a (9) Swa (x+3) (Va; 0<a<lo)

and
L® For any fundamental sequence {4 (x); 0<a<w} of any point x in R, there is a fundamental

sequence {vq(—x); 0<a<lw} of —x in R such that
—tta (2) Sva (= %) (Va5 0<a<lw).

Definition 12. (I) An abstract subring H of the ranked ring R is called a subring of the ranked
ring R if the set H is a subspace of the ranked space R.

(II) A subset I of the ranked ring R is called an ideal of the ranked ring R if the set I that is an
abstract ideal of the abstract ring R is also a subspace of the ranked space R,
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(II) R/I is called a quotient ring. (R/I becomes a ranked ring.)
(IV) Let (R)es be a family of ranked rings with same indicator. Then the direct product R=IIR;
284

becomes a ranked ring. This ranked ring R is called the product ring of the ranked rings (R).

In a ranked ring R every right translation 7a (resp. every left translation /a) is R—continuous (and is a
homeomorphism if ! exists in R).

Let S be a ranked space, and let f and g be two mappings of S into a ranked ring R. If f and g
are R-continuous at a point p€S, then f+g, —f and fg are R-continuous at this point. (Attend to
fHg:xaoflx)+gkx), —f: x»>—f(x), fg: x—f(x) g(x).) Thus we have the following :

Proposition 31. The R-continuous mappings of the ranked space S into the ranked ring R form
a subring of the ring RS of all mappings of S into R.

Definition 13. (I) A mapping g of a ranked ring R into a ranked ring R’ is called a
homomorphism if

(i) g is a homomorphism of the abstract ring R into the abstract ring G/,

(ii) g satisfies the condition (¥).

(I) A mapping f of a ranked ring R onto a ranked ring R’ is called an isomorphism if

(i) f is an isomorphism of the abstract ring R onto the abstract ring R/,

(ii) f is a homeomorphism of the ranked space R onto the ranked space R'.

Two ranked rings are called isomorphic if there exists an isomorphism of one ring onto the other.
In particular, an isomorphism of a ranked ring R into itself is called an automorphism of the ring R.

Proposition 32. Let R and R’ be two ranked rings with same indicator @ and H a subring of the
ranked ring R. If g is a homomorphism of R onto R/, then g(H) is a subring of the ranked ring R'. If f
is an isomorphism of R onto R’ and if f satisfies the condition (ii) in (¥) then f (H) is a subring of the
ranked ring R’

ii) Ranked Modules.

Definition 14. Given a ranked ring A with an identity element, a set E is called a ranked left
A-module if the following conditions are fulfilled :

(1) E is an abstract left A-module

(2) E is a ranked additive group,

(3) The mapping (1, x)—2x of AxXE into E is R-continuous.

We define similarly the notion of a ranked right A-module. Since every right A-module can be
considered as a left A°~-module, where A° is the opposite ring of A, and since the ranked structure of A
is compatible with the ring structure of A°, there is no need to distinguish between ranked right A-modules
and ranked left A°-modules.

Let (E:Z:,'be an arbitrary family of ranked A-modules, and let E=VIZlE“v be the A-module which is the
product of the E.. For each p€/ the mapping (2, x)—>(2, pr, x) satisfies the condition (ii) in (%), and the
mapping (4, x,)—>2x is R—~continuous. Since the mapping (4, x)—— 2+ prux is the composition of (2, xu)—Axy
and (4, x)—(4, prux) for each p€4, the mapping (4, x}——2+ prpx is an R-continuous mapping of AxFE
into E,. Therefore E becomes a ranked A-module.

iii) Ranked Fields

Definition 15. A set K is called a ranked field if the following conditions are fulfilled :

(1) K is an abstract field,

(2) K is a ranked space,

(3) The algebraic operations operating in K are R-continuous in the ranked space K.

If K is an abstract devision ring we shall denote by K* the multiplicative group of non-zero

elements of K.
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If K is a ranked field then the mapping x——x—! of K* into K* is R—continuous.

The condition (3) is equivalent to the following condition (3/):

—@ For any fundamental sequences {ua(x);0<a<lw}, {v«(¥); 0<a<w} of any points %,y in K,
there are two fundamental sequences {wa(x+3);0<a<lw}, {w./ (xy);0<a<w} of x+y, xy
(3) in K such that
Ua (%) =02 (y) SWa(x—3), a(w) -va(y) Sa(xy) (Va;0<a<o),
—® For any point x3:0(x€ K) and for any fundamental sequence {u.(x); 0<a<w}, there is a

fundamental sequence {v,(x1); 0<a<<w} of x1 in K such that
e (2) 1 Sva (x7) (V5 0<a<lo).

If a0, the translations 04 and 74 are homeomorphisms of K onto itself. Thus, the mapping
£: x——ax+b is a one-to-one R-continuous mapping for all @, €K. In fact, for any fundamental
sequence {u«(x); 0<a<w} of x in K, there are respectively four fundamental sequences {u.! (a); 0<a<w},
{ud! (b); 0< a<lw}, {ua" (ax); 0<a<w} and {wa(ax+b);0<a<w} of a, b, ax and ax+b in K such that

L (tta (%) =@ tta (%) + DS e (@) * tha (%) + the! (B) S ta! (%) + 142" (b) S We (@54 B) =wwa (L (%))

for all « where 0S@<{w. Hence § is R-continuous. Therefore if a0, § is a homeomorphism. Note

that the translations 0q and 74 are automorphisms of the (ranked) additive group of K if a0. If

La (resp. 7q) satisfies the condition (ii) in (x), and if VE®B(0), then aVEB(0) (resp. Va€B(0)) for a=¢0.
Proposition 33. In the ranked field K if {l/im a.} D a and {lz‘m ba} D b then we have the following

properties :
(1) {lim(aa+ba)}Da+b, 2 {lim(-as)}D-a,

(3) {lim aa ba}Dab, (4) if @30 and @a>x0, {lim a1} Dal.

In fact, since the algebraic operations operating in K are R-cotinuous we have this proposition.

iv) Linear Ranked Spaces.

Definition 16. Given a ranked field K with indicator w, a set L is called a left-linear ranked
space (resp. right-linear ranked space) with indicator @ over K if the following conditions are
fulfilled :

(1) L is an abstract left linear space (resp. right linear space),

(2) L is a ranked space with indicator o,

(3) The mapping (4, x)—ax of KxL into L is R-continuous.

Proposition 34. In view of (H) above condition (3) is equivalent to the conjunction of the following
three conditions :

(8') For cach x0€L, the mapping A—2xo is R—continuous at the point =0,

(8") For each A€ K, the mapping x——2ox is R-continuous at the point x=0,

(8") The mapping (4, x)—Ax is R—continuous at the point (0,0).

Proposition 35. For every a€K and every bEL, the mapping x——ax+b of L into itself is
R—continuous. And if @20 this mapping becomes a homeomorphism of L onto itself.

An algebraic isomorphism f (resp. algebraic homomorphism g) of a linear ranked space S to a linear
ranked space T is called an isomorphism (resp. homomorphism) of S to T if fis a one-to—one bi-
R-continuous mapping (resp. G satisfies the condition (x)).

EXAMPLE. Let E be a ranked space with indicator wy, and also a linear space over the real or
complex field C. In C we define Sa and Br (0<7<w) as follows :

Sn ()= {p0< | p—21<1/n, p€C} for each 1EC,
Br 3 Sa () for all n=0,1,2,....
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Then C becomes a ranked space with indicator wg by Bn. Moreover, if { /im 2:} 32 in C then we have
n—>@o

lim A»=2 in the topological sense.  Therefore this linear ranked space {E,®Bn} becomes a linear ranked

n—>rco

space in the sence of M. Washihara [5;1I].

§ 5. Ortho-continuous group, Para-continuous group. In this section we will give other
definitions of ranked groups. They are the ortho-continuous groups and the para—continuous groups.

Given a sequence {p«;0<a<w} of points of {S,B.} and a point p of {S,B.}. We say that the sequ-
ence {pe;0<a<w} para-converges'® to the point p, or that p is a para-limit of {p.; 0<a<lw}, if
there is a monotone decreasing sequence {Va(pa); 0<a<w} consisting of neighbourhoods of pa« and if Ve (pa)
satisfies the following conditions :

1) Va(pa) € Bicw,

2) TO<rM<r@) <<y 0< 1 (a) <o), sup 1(a)=o,

3) p EVal(pa) for all @, 0<a<o. ‘

In this case, we shall write

p € {para-lim p.}.

Definition 17. Let R, S be two ranked spaces with same indicator @. Then we will say that the

mapping f: R—S is para-continuous at the point p in R iff

p € {para-lim p.}=of (p) € {para-lim f(ps)}.

The mapping f is said to be para-continuous if it is para—continuous at each point of R.

Definition 18. For {G,B,} with indicator w, if G is an abstract group and the group operations
{GXG, BaxBa} D (x,9) —xy€ {G, Ba}, {G, Ba}dx——x"1€{G, B,} are ortho—continuous (resp. para-
continuous), then {G, B,} is called the ortho-continuous group (resp. para-continuous group) with
indicator w.

Since two notions of ortho—convergence and para-convergence do not necessarily coincide with each
other,!” two notions of ortho—continuity and para-continuity do not necessarily coincide with each other.!®
Therefore an ortho-continuous group is not always a para—continuous group and conversely a para—conti-
nuous group is not always an ortho-continuous group. On the other hand, from Proposition I we have
the following statement :

Proposition 36 . If G is a ranked group in the sense of Definition 3, G becomes an ortho-continuous

group. But the converse is not true. Thus we have

Ranked Group

AR

Ortho—continuous Para—continuous
=ﬁ

S

Group Group.

Remark. 1f G is a linear ranked space in the sense of M. Yamaguchi [9;1II], then G is not always

an ortho—continuous additive group. But G becomes a ranked additive group with indicator wo in the sense

of Definition 3. (See [5; IT])

10) [17], pp. 23-24.
11) Ibid., pp. 24-25, Propositions 2 and 2.
12) For the sequence {pa; 0<a<w} (pa=p,0<a<w), these two notions of continuity coincide with

each other,
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