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Synopsis.

In this paper we construct the completion of the ranked spaces. This problem has not been solved
yet. The completion is essential and very important notion in the theory of functional analysis. Moreover
we give a few important examples-of ranked spaces.

1. Introduction.** K. Kunugi ([5]) studied the Baire’s category theorem in a ranked space. He
showed then that in a ropological space which is at the same time a complelole) ranked space following
generalized Baire’s theorem holds.

Theorem (K. Kunugi ([5])). If a topological space R is a complete ranked space with indicator
>y, then, for any well-ordered sequence }

Go, Gy, ..y, Gay .y 0<a<w
of topologically open and topologically everywhere dense subsets in R, N Ga is also topologically
everywhere dense in R, )

This theorem is a generalization of Baire’s theorem which states that every complete metric space or
every locally compact regular space is a Baire space.

After that, K. Kunugi ([5]) and H. Okano ([12]) studied a completion of a ranked space on a topological
space. Their theory has been applying to extend the Lebesgue integrals or the Denjoy integrals by K. Kunugi
([61), H. Okano ([131), S. Nakanishi ([11]) and many mathematicians. Their generalized integrals are
called the (E. R.) integrals.

Recently, the notion of the ranked space is being studied as a generalization of the topological space
by using new general topological methods ([7]). But, by such standpoint, the general construction of
the completion of the ranked spaces has not been given yet,

We shall grasp the notion of the ranked spaces as a generalization of the notion of the metric spaces
or the uniform spaces ([18]) or the extended uniform spaces ([27).

From this stand point, in 3 and 4, we shall construct the completion of the ranked spaces without assuming
the uniformity property for the ranked spaces. And such construction is purely done by the new methods
of ranked spaces.

In 5, we shall give a simple example of the ranked space with non-indicator we. In 6, we shall show

that every > -space has the structure as a ranked space with indicator wo.

2. Preliminaries.
Throughout this paper we assume that the ranked spaces {R, 8.} satisfy the axioms (A) and (B) of

*HCF, L — R
#* Throughout this paper we shall use the same terminology that is introduced in [77] and C147.
1) See p. 84.
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F. Hausdorff, the axioms (&) and () of K. Kunugi ([7]) and that they have the indicator @, wp< w< w(R)
(o(R) is the depth of R and @ is an inaccessible ordinal number). New, let us recall some basic concepts
in the general ranked spaces.

A monotone decreasing sequence of neighborhoods of points in R :

Volto) 2Vi(p) 2Ve(p2) 22 Va (pa) 2+, 0<alo,
is said to be a fundamental sequence, if there is an ordinal number y(a) such that Va(pa) € Bro
for all a, 0 <a<w, and satisfies the following two conditions :

(1) 7O<rWKT@< <@ < 07 (@) <o), sup 7(a)=w,

(i) for each a, 0<a<w, there is a number 2=2(a) such 't'hat a<i<lw, pr=pi-1and 7(2) <yQA+1)

(except the equality).

The ranked space R is said to be complete, if, for every fundamental sequence {Va (pe); o< a<lw}
of neighborhoods, we have F]o Va (pe) = ¢.

Given a sequence {f)a‘:l 0<a<w} of points of R and a point p of R, we say that the sequence
{pa ; 0<a<w} r-converges or ortho-converges to the point p, or that p is an r-limit ar an ortho-limit
of {pa; 0<a<w}, if there exists a fundamental sequence {Va(p); 0<a<lw} consisting of neighborhoods
of p such that Va(p) D pa for each a. In this case, we write {lim pa} D p. {lim pa} is not a set
consisting of one point alone in general. ¢ ‘

By clr (E), we show the set of all »limit points of a subset E of the ranked space R. we say that
a set E is r—dense in the ranked space R if cl, (E)=R. A set E(SR) is called r-cosed if cl; (E)=E.

Let R, S be two ranked spaces with same indicator @. We say that a mapping f: R—5 is
r-continuous at a point p in R if {lim pa} D p>{lim f(pa)} D F(p). A mapping f is said to be
r—continuous if it is r—continuous at eacl: point in R. ‘

A mapping f: {R, Ba}——{R', Ba'} is called an r-homeomorphism if f is bijective and bi-r-continuous.
In this case, the spaces R and R’ are said to be r-homeomorphic or r-equivalent.

Let A be a subset of {K, Ba}. Put V(p, A)=V(p)NA for each V(p) EBa(p) (0<a<w) and VHEA.
By the relation Ba (A)=Ba (p) N A, A becomes a ranked space with indicator @. Then A is called the
ranked space induced from R or the r-subspace of R.

Given a sequence {pa; 0<a<lo} of points of {R, Ba} and a point p of {R, Ba}, we say that the
sequence {pe; 0<a<w} para-converges to the point p, or that p is a para-limit of {pa; 0<a<lw},
if there is a monotone decreasing sequence {Va (pa); 0 <alw} consisting of neighorhoohds of p. (0<a<w)
and if Va(pa) satisfies the following three conditions :

1) Va(pa)EBrer (A1 (a), 0<7 (0)<w),

2) 7OLSr(DLr @< <@, sup Fla)=w,

3)  PEVa(pa) for all @, 0<alo. ’

In this case, we write {para—lim pa} D p.

Proposition. Every se;uence of points {pa; 0L a<w} in R is r and para—convergence at a point
PER if and only if there exist Lo monotone decreasing sequences o, f neighborhoods {Ua(pa) 3 0<alw}
and {Va (p); 0<a<lw} such that

(1) Uz (pa) €Br(ar, Va (p)EBiar and y(a), 6(a)tw as atw
and

(2) U« (pa)NVa(p) D{pa, p} for all «, 0<a<la.

3. Completion of Ranked Spaces.

We will consider the problem of completion : construction of a complete ranked space containing

ok 197146104), HABCE ZRORIBG R 2 URSORTF) = Tl
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a given ranked space as an r-dense subspace.
Let {R, Bz} be a ranked space, @(R)>wy the depth of R, w(wo<w< w(R)) the indicator of R and
let & the set of all fundamental sequences of neighborhoods in R,
In general, we have not always FioV" (Pa) X ¢ for V {Va(pa); 0<a<o} €F.
We shall, hereafter, assume the af?)llowing postulates for {R, Ba} :
(To*)  For a point p and any point ¢ such that P q, there exist {ua(p); 0<alw}€F
and g, 0< p<w, such that w. (p) P q.

(C*) If {Va(pa)}, {Ua(qa)}€E€SF, then, for each index a, 0<a<lw, there are
1=2(a)=2(a, Va(pa), Ux(ga))Za and 6=6()=6(ga, ) (0<2, 6<w)
such that if

Ustar @aiay) NV jiay By ) = 6
then
Usias (@aay) S Ve (o).

(r) UGBV, UBWESB, V(g)EB:, and 7'<7", then for any 7, y'<<y<y", there exist
a point 7€ R and a neighborhood W (#) €®8r such that U(p) 2D W) 2V (g).

(r')  Under the assumption in (»), there exist a rank 7 and a neighorhood W (p)€Br
such that 7'<r<7" and U(H)2W (1) 2V (g)."

These postulates hold always for every metric space. And these postulates are weaker than the
assumptions in the Notes [5] and [12].

Then we will prove that the following theorem holds :

Completion Theorem (T. Shintani ([15])). Let R be a given ranked space of depth w(R) =w
cnd let o, w<w<w(R), be any indicator of the space R. If R satisfies the postulates (Tg*), (C*),
(r) and (#'), then there exists the completion R of R such that R is a ranked space with indicator
and it is uniquely determined by R. Namely, for a given ranked space R with indicator w, we can
always construct the ranked space R with indicator w. Moreover R Julfills the following properties :

(i) In f{, for any fundamental sequence {170, (Pa) ; 0 alw}, 6 Va (Pa) 2 ¢ holds always.

Namely R is complete. 0

(it)  There exists an r-homeomorphism of R onto an r-subspace R'=f(R) of R.

(i) R=cly (F(R)), i. e, F(R) is r—dense in R.

Corollary 1. For any two indicators wx and w, (p<v), if R is w,—completion of R then R s
wu—completion of R.

Corollary 2. If R satisfies the postulates (T¢*) and (C*), then, essentially, there exists the
completion R of R. Thus, for each fundamental sequence {17« (Pa); V< alw} in 1?, the sequence
{Pa; 0<a<w} of points in R is always para-convergent in R.

Remark. The completion in the ordinary sense of the metric space R is a 'complelion of the ranked

space R with indicator wg in above sence,

4. Proof of Completion Theorem.

Definition. We will call two members /1'={Va'(pa')} and H"={V" (pa")} of F equivalent and
write II'~II" il for every a, 0<a<lw, there are pa€R and a member {Va(pa)}€F which have the
following property : for every 5, 0< <o, there exists ¥, 0<9<w, such that

Vo' (pa")U V" (ps") S Vi (ps).

Using the axioms (b), () and the transfinite induction, we get the following lemma.

2) [12], p. 338.
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Lemma 1. For ecach [ ={Va(pa)} € F there are a sequence of points {qa; 0<a<lw} and a
Sfundamental sequence [1*={U_(q,); 0< a<w} such that

1) {pa; 0<a<w} is a subsequence of {qa; 0<a<w},
2) I is a subsequence of II*,
3) Ur(gr) € Br (Vr, 0<7<w)
and
4) I+~ 1.

Lemma 2. If [I'={V,)(p,)} and II'"={V,(p.))} are such that for every 0, 0<0<w,
Vo' (pa )NV (po') X ¢, then II'~I1".
Proof. Since Vo' (pa) NV (pa') % ¢ (V0, 0<0<w) for each index v (0<v<w) of II', there are
two indices A=2(v) and 6=68(p,"”, 2) of the axiom (C*). Therefore we get
Vi (p/HnV/ (pH2 Vﬂ”(pa")ﬂ V,i(p,) ¢ when 8=Max {4, 1}.

From (C*) we have V”.s(,) (p”a(y))g_:V’,, (p',) and from 2 (v)<v we have V'M(p’m)s:V,’ (p).

Hence
v (/)0”) uv,/ (/)0') SV (p/HUVI (0 S Vi (b))

and [I'~1". (Q.E.D.)

Corollary. For any {U.(po)} and {V.(pa)} in F, we have {Us(pad}~{Va(pa)}.
In fact, for every 6, 0<0<w, Us(ps) NVy(po) 2 ¢ holds.

Lemma 3. H~I. O~ ~H. [HO~® & [ ~[® IO ~][®,

Proof. The first two properties of the equivalence relation are clear.
Suppose that M ~[I® & @ ~][I®,  There are IIN={V, 1 (p")}, [I2={V,2(p.2)} such that, by
assumption, for every @, 0<a<lw, there are two indices B and 7 (0<B, y<<w) such that

1) [ Ve (p,M) UVe®(p,P) & Vol (P2,

| Vi@ BPHYUV® (p )< Va2 (Pa?).

Hence
)Ilt:c{ B, r}

) aFyQOVD(z) (by@)=Vs®(p,@)NV,®(p @) & Vol () N Va2 (pa?) and '~ 112 by
Lemma 2. Hence, for any v, 0<v<w, there are p,€R, {V, (p,)}€TF and a=a(v) (0<a<w) such that
i) Val (0D U V2 (02 SV, (D).
From i) and ii) we have Vn“)(pB(l))UVe<3>(pﬁ<3>)_C, V., (p)
and TO~II®, (Q.E.D.)
Lemma 4. If I1 ={Va(pu)}~T'={Va' (pa')}, then there is an index B=p(a), 0< <o,

such that Vo' (0,0 S Va (ba).

Proof. Since [I~II', there are {V,."(g.)}€F, 6=0d(a) and §=g(a)
such that

1)) Ve (bp)UVe' (p,") & V'otar (45,
Now,

,l[«::c{ﬁ,).(a)}
.Do Vy (.D») < L’ﬂ (pﬁ) 1= V“'S(“) ((Iﬁ(m))'

l Maz{5,im}
ﬂo Vo (0) € Vicar (b))

i

Hence, we have

iii) Va3 (@50,,) N Vicaor (B, ) F ¢
Hence, by the axiom (C*), we get
i\') V”ﬁ((x) (OJ(A),)E; "’a(f)ar)~

Hence, from 1), ii) and iv), we have
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Ve (gD & V523 (85,0 € Va (Pa). (Q.E.D.)

Remark. Given u={U,(pa)}, v={V.(ga)} € F, we denote by u> v the relation between 2 and »
such that for every U, (p.) there is a Vp(qB) contained in V,(p,). If we define u~v by ub—v &
u~v ([110), then u~v&u~wv. This shows that our completion concludes all completions by [5], [12],
£63J, (137, and [11].

By Lemma 3, we can construct the quotient set I\;EL/"’.

Now, we will give a rank to R by the following method.
Let YPER. Then P37 {V, ()} such that V,(p,)€R..
By the relations
Q(P)E{Qek | @3{U, (x,)}; 70' (0<0'<w) such that Uy (xo') & Vy(po)}
and
the rank of V(P)Ethe rank of Vy(py),
we define a neighborhood 17(P) with rank of P in K. And we denote by ‘@«(P) the set of all

neighborhoods with rank « of the point P. Every subset which contains a neighborhood with rank of
P is called a neighborhood of P in R.

Lemma 5. R is a ranked space, of depth o (R)>w, which satisfies the axioms (A), (B),
(a) and (b).

Proof. Axiom («) : For any neighborhood f/(P) of P in R there are a neighborhood V’(P) of P
and an ordinal number 7, 0<y<<w, such that V(P)Q V/(P)EQAE,’.

If <7y then let B=7. If a>>7 then by the axiom () we have

Vi'(br) 28V (pa) 2 Ve (ps) (a<p<lw).

From 0([’)5{@61? | 785 Ug (xp) S Va' (ps)}, we get the followings :

(@. VvV(P), va; a<gp<lo & V(PY27U(P)E ;.

(A). By the definition of neighborhoods in Ié, we get V(P)SP.

(B). If V(P) (i=1,2) are any neighborhoods of P, then f/<i>(P)23f}<i>(P)e\fs(Eagjo*@a) (i=12).

Now, let UO(P)={Q€R | 76/ ; Uy [ (x0p ) VEy (pg ) (i=1,2), then
{Va® (pa®)} ~ {Va® (pa®)}.

Hence there is an index 9, 0<9<w, such that V01<1>(pal<“)2 V@ (pp®).

Thus we have

Vy © (/)01(1))n Vo® (ps@) DVo@(py®) when 0=Max {02, 9}.
Therefore il we put
W(P)Z{QER | Q37 {U, (p)}, x5 Ue(h) S Vo@(py®)},
then we have 0"’(P)00‘2)(P)2r§V(P)€‘AB. (Q.E.D.)
Notation. Let 7 be the set of all fundamental sequences of neighborhocds in R.
Lemma 6. For every {‘7,,(1)) s 0L aw} €% in {[\7, R, }, we have always A Ve (Po) 5 0.
az)

Hence R is complete.

N A (0/") (0Iu) ((]") (Un) (0at1) (fa+1)
Proof. Let Va(Pa)E{Qaele I Ua (/)u )SV" (f)a )G%Na)} and let VeraJsl (l)a+l)-

From (C*), y@3{u. ()} & Q€ VQH(Par; 1) holds. On the other hand, since V‘, (Pa,)gl?",‘e.l (P,+1)3Q,
there are {v, (3,)}€Q and ¢/, 0<0'<w, and then Vioa)(pio“))gvg’()ro’) holds.
Since {w (1)}~ {e, (3}, there exists an index ¥’ such that vy’ (') Dy’ (3)Dy.

Hence we have
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O iy

Ve e )2V (et (v, 0<a<a).
Now, by the axiom (') and the transfinite induction, there exists a fundamental sequence such that
{V;ﬂa)(pioa)); 0<a<lw} is its subsequence.
Let P be the class which concludes such fundamental sequence, then we have f/a(P,,)BP for every a,
0<a<w. Therefore we have alwayvs H AV“(Pa)-Aa . (Q.E.D.)
Lemma 7. The mapping f: ;3‘03/) s f(PISEP DI{V.(p)} of {R, B} onlo a ranked space
{f('k), Q?,,ﬂf(l(’)} induced from {1?, Gs“} Is one-lo-one and bi-r-conlinuous.

Proof. (1). [ is one-to-one. In fact, let x, v be two distinet point of R and let {u.(x)}, {v.(3)}

any two fundamental sequence in R. If {u.(x)}~ {va(y)} then by (To*) there are {U (x)}€TF and g,
0< p<w, such that Uux(x)Fpy. From {Ug ()}~ {ua(x)} we get {Ua(x)} ~ {va(}.
Hence there is an index £, 0<{<w, such that U, (x)2vc(y)3y. This is a contradiction.
Thus if x 2=y then, for every {u, (x)} and {v. (3}, we have {u. (x)} A {va (¥)}. Hence, for two points
X and ¥V in R such that X3y {ue ()} and YO {va (3}, we have X=f(x)3f(v)=Y. Thus f is
one-to-one.

(2).  For every V(p)E€B, (p) we have f(V(p)=V (P, f(R)) €V (P, f(R)) (P=f(p)).
Thus f is r-continuous,

In fact, from the axiom (a) there exists {V, (p)} € F such that V(p) is its member.
Let P be the eqivalence class which concludes {V, (p)}, then f(p)=P. Now, let

7(P)y={QER | Q3{U. (4}, 70" U, (g, < v(p)},

VeV (p) and Vv {u, (x)}E€X. Then, from (C*), there is an index ¥, 0 <I<w, such that uy (x) S V(p).
Therefore we get X€ 7 (P). On the other hand, as f(x)=X€f(R) we get XEf(R)ﬂi/(P).
Thus,

f A A
V(P)T-;* VPYNfR)ZS VP, f(R), P=f(P).

Now, let YQEV(P)NF(R), then QEF(R). Hence, Q37 {v,(q)} (Zq€R). Moreover, from Q€ V(P),
VAN

there exists an index ¢/, 0<6'<Tw, such that g€V, ()= V(p). Thus, it follows V(p)— V(P, f(R)).
onto

Hence if {lim pe} D p, i. e, F{Va(p)} € F such that Vo(p) D p. (Va, 0<a<e), then we have

TVap =V (P, [(R)=Vo(f(p), SRNT Valf(P))NFUR)Df(pa)ZQu in S,
and {lim f(p)}DS(P) in [(R).
Thus lf" is an r—continuous mapping of R onto f(R).
(3). /7' is r-continuous,
Let {17‘, (P, f(R))} be a fundamental sequence in f(R) such that f/,,(l’, S(R))DQq, i. c., {lim Q.}3P
in f(R). As f7! is one-to-one, we have ‘
I TP, fR)= 1 Va(PIN LU= Va PHOLA SR =S (Va (P R=171 (Vo (P))
=dVa(ba) Va(P)={RER | QD {u (x)}, 40'; 1,y (x,) S Va(pa)})
3792 (=1 (Qa)).
Thus, for every ‘7,,(P, f(R))G%a(P, f(R)), there exists p,€R such that f"(‘?a(P, f(R))EB(pa).

On the other hand, as P€ f(R), we have POy {va (4 p)} and f(p)=P (thus, f~1(P)=p).

Now, from (b) and ('), there exists Up (p)€B(p) such that R D Us(p) DUs (fo).

Thus, from () there exists Up(p)€B(p) such that Uy (p)2 Vi (py). Therelore, by the axiom (b),
(#") and the transfinite induction, there exists {Ua(p)} € F such that Ua(p)DVa(pa) for every a, 0<a<lw.
Hence we have Ug (/"1 (P))Df M ( Qo) (Va, 0<alw), i. e, {lim [~1(Q}Df1(P) in R,

Thus f-1 is r-continuous. (Q.E.D.) ‘
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Lemma 8. clr (f(R))=R, i. e, f(R) is r-dense in R. ,

Proof. ¢y (f(R) SR is clear. We will show that cl, (f(R)2R. Let YPER, vV (P) €B(P)
and let V(P)={Q€R | Q3{U,(g.)}, 36'; Uy (g N E V, (D}

As the indicator of R is w, for an index 8 of {V,(p,); 0<v<w}€F and for any 9, 0<I<w, we have
Vo(po) DVe(ps)x¢. Thus there is a point g€ R such that g€ Vy(ps)S Vie(ps).

By (C*), for some Q€ f(R) and for every {U,(¢)}€®Q there exist two indices
A(M=20Ve(ps)., Us(q)) =0 and 6(0)=d(q, ). Hence we have Usp(g)S Vo(ps). Hence we
have Q=f(g)€ V(P). Thus, for every {V.(P)} € & there are points Q.,,EI:’ and g.€ R such that
Qu=/(g:) € Va(P) (Va,0<a<w). Therefore we have {lim Q.}DP, i.e, P€cl, (f(R)). Thus we
have RS cl, (f(R)).  Hence R=cly (f(R)). (Q.E.D)

Every neighborhood with rank of P in R had been defined by an element [J? ={V, 0 (p, M)} of P.
Now, let R be a ranked space defined by another element [7P={V,® (p,®)} of P. Then two spaces R
and R are r~equivalent, Namely, we have the following lemma :

Lemma 9. (Uniqueness of complete extension).

R=cl (f(R) =cl, (f(R) =R,

Proof.

Let ] g;ecAlr(f(R)). WV (PreF. a{U(P)}e &

l L/“(P) ={QWeR l Qa3 {U, (g, )}1A04 an,(l)(qo",m‘)g Va,,,m(poam}'
Ual PYZ{Qu? € R | Qu®3 U0, )}, 7943 Us (g5 ')V, ®(pg @)},

As PEd(F(R)), there is a sequence {Q.; 0<a<w} in F(R) such that Q.(V€E Va(P) Ve, 0<ala).
From [1P~1IIP and Lemma 4, for a given index Ja, 0<9a<w, there exists an index 94", 0<9."<o,
such that Vy "W (py "®) S Vy D(py @),

Now, let 7, be the minimum of such 9,”. Then we have V,a(P)gUa(P) for every a, 0<a<lw.
Hence we get

Q:u €V (PSS Ua(P) (Va, 0<a<a).
Set Q.P=Q.,V(Va, 0<a<lw). Then we have f(R)SQa‘Z)Gﬁa(P) and therefore

{lim Qu®}DP in f(R). i. e.. PEC, (f(R)).
Thus we have )
dr )y e (f ().
By the similar way we get ¢l (f(R) S, (f(R)).
Hence we have
R=d, (f(RY)=cl, (f(R))=R.
Thus we get the uniqueness of completion. (Q.E.D.)

And we complete the proof of the Completion Theorem.

5. An example of the ranked space with non-indicator w.

Such example has not been given yet. We will give a simple of the ranked space with indicator
Q£ is the ordinal of the second number class). Thus we can construct the ranked spaces with any indicator
w,.

3)
Proposition. R={¢|0<é<Q} is a ranked space with indicator 2.

3) The set R is compact in the sense of M. Fréchet and also non-compact. (cf. K. Kunugi: Kaisekigaku
Yoron, p. 223, (1933), Japan.)
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Proof. We define a neighborhood Va/ (a) with rank & (0<a’<<2) of a point a in R by the
following relation :

V. (a)d;f’{e | a'<e<R} if a'<a<lf,

di_'f’{a}u{s | &/ <0} if ala'< Q.
Then R is a ranked space with indicator £ and it satisfies the axioms (A), (B), (¢) and (b). This
is shown as follows :
Case. o'<a<l@; (A) and (b) are clear. (B) ; For every a' and o' such that o/, a"<a<lQ
we have
Vo' (a)N |2% ()= Vimarca e (a).
(a) ;3 V', d<ad"<a<22V,/(a) DV (a).
Case. a<a'<<Q; (A) and (b) are clear. (B) ; For every a' and a” such that a<lad/, a/'<<2
we have
Va,’(a)ﬂVa”(a) =2 ana.r(a/,a”)(lf)~
(a) 3 V', ald<ad"<RV, (a) DV (a).
Case. d'<a<a’<Q.; (A) and (b) are clear. (B) ; V. (a) NV (@)=V." (a).
(a) ; VB, d'<PLa"< WLV () 2 Vy(a). (QED)

6. On >-spaces.
K. Nagami ([9]) introduced the notion of >-spaces as a generalization of M-spaces by K. Morita ([80).
A perfectly normal space and a countably compact space are examples of P-spaces ([8]).
Every M-space or M*-space or g-space is a » -space ([9]). Every >l-space is a P-space ([9]).
Definition. Let F be a covering of a Hausdorff space E and x a point of E.
Then we set
C(x, ¥)=n{F| xe FeJ}.
A 3 net of a space E is a sequence {;‘Tn}‘.Nof locally finite closed coverings satisfying the following
condition : "
If K2 K;2D---is a sequence ol non-empty closed sets of E such that K, C(x, Fpn)
for some point x in E and for each n€ N, then NKp3x¢. A space E is called a X-space il it has a >-net.
Now we have the following statement : "
Proposition. Every Yl-space E has a structure as a ranked space with indicator wo.
In fact, for YpEE we set
vin, P)=K,U{p} (REN), B, (p) = the set of every v(n; p) and Bo(p)={E}.
Then {E, 8B,} is a ranked space with indicator wo. (Q.E.D.)
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