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Synopsis
In this paper we shall construct the completions of the ranked groups and of the linear
ranked spaces. These problems have not been solved yet. Our completion theorems are
extensions of the completion theorem by G. Birkhoff. The nuclear space is an example of
such completion.

Throughout this paper we shall use the same terminology that is introduced

in [4] and [56]. We assume (a*).

§ 1. The Completion of the Ranked Groups.

Let G be a group and e the identity of G.
Definition 1. ([5]). For a ranked space {G, B.} with any indicator o> w,
if Gis a group and if the group operation

{GXG: %ax%a}av(x’ y)l—’xy_le {G’%a}'

is R-continuous, then {G, B,} is called a ranked group with indicator w. We
denote this by (G, B,).

Definition 2. ([5]). (i) A sequence {x,} C (G, B,) is called an r-Cauchy
sequence of points in (G, B,) iff

{lignxaxg“}ae in (G, B,).
“, Tw

Gi) (G, B,) is said to be r-complete if every r~Cauchy sequence of points in
(G, B,) is r-convergent in (G, B,).

*ORCE, BER, —BEE.
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In a ranked group every r-convergent sequence is an r-Cauchy sequence, but
the converse is not always true.

A ranked group is called a To-group iff for each pair x and y of distinct points
there is a neighborhood of one point to which the other does not belong.

Let M be the set of all r—Cauchy sequences of points in (G, B,).

As an extension of G. Birkhoff’s completion theorem [2], we have

Completion Theorem 1. Let (G, B,) be a given T, -group with any
indicator w>wy. Then there exists the completion (é, ‘.f}.,) of (G, B.) iff

{xEM & {li;n yp}.’—::e:>{li‘r;r} X ypx e,
Proof. Suppose that (G, B,) is r-complete i. e. we have

{li«m x2%x in (G, B,)

for all {x.} e M. Since the group operation is R-continuous we have
{1irh X ypx . Se.
ar’pfw

Let us verify the conversion. We will call two members {x,} and {yg} of M

equivalent and write {x }~{yg} iff
{lgm x.y8 ' }3e in (G, B,).
a, Iﬁ)

~is an equivalence relation on M. Set E={x}(x.=e for all a, 0<a<lw).

By the relations

X-YE{x,nyﬁ} for all X={x¢}, Y={yB}Es)R
and

X '={x,'} for all X={x.=NM,

we obtain easily that 9t forms a group and that E is the identity of t.

Moveover, by the relations

VHEYS{{x =Ml xscV(e) (Ve2Hag)}

and

V¥ EYEDB,*(E)(0<r<w) = V(e)eB,(e)(0<r<o),
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9 becomes a ranked group with indicator w.

Let R (M) denote the subset consisting of all r-Cauchy sequences which
r-converge to the identity e €(G, B,). Then N (S E) is a subgroup of (M, B.*).
Moreover, by the assumption we get that 3 is a normal subgroup of (IR, B,*).
Therefore, G=MN forms a quotient ranked group with indicator @ (See [5]) and it
is written by (G, QA}‘,).

By % we denote the class which contains an r-Cauchy sequence {x,} for which

xo=xl=x2=...=xa=...=xe(G, §Ba).

By the mapping f: xl—% of (G, B,) onto a subgroup f(G) of (G, B we
obtain that G is isomorphic to the subgroup F(G)=(2eG | Vx=G} of G and also
that f is an r-isomorphism i. e. f is one-to-one and bi-R-continuous by the
induced rank from G (See [5] and [6]).

Moreover, f(G) is r-dense in (C, 53,,) i. e. we have

vXe(G, 8. & Xa{r.}oXe{lim £}(G.=f(x.) for {x}CG).

Finally, we will show that (@, B,) is r-complete. For any r-Cauchy sequence
{X,,}CG, there exists a sequence {xg}C (G, B,) such that
{lim X.-47"} = {lim (/" (x)- 3}
“, i‘l’ a, :0)
We get easily {xp}EM. Since {Zp}C (G, Q}a) r-converges to the class which
contains {xp}, {X.} is r-convergent in (é, %a). Therefore, we get that (é, %a)

is r-complete. This completes the proof of the theorem.

§2. The Completion of the Linear Ranked Spaces.

Let E be a linear space over the real or complex field @ and 0 the origin
point of E.

Definition 3. ([5]). Let F(f) denote the set of all fundamental sequences
of x in {E, B FO0<nw,). A linear space E over the real or complex field

@ is called a linear ranked space over @ if this set E is a ranked space with
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indicator w, and if the following conditions are fulfilled :

(1) The mapping (x, y)——x+y of EXE into E is R-continuous.

(2) For any {u,(x)}= G (x) and for any sequence {2,}C@ with lim 1,=2,

n—>oo

there exists a {v,(Ax)}=F (Ax) such that 2,u,(x) Cv,(Ax) for all n, 0 <n<aw,.

We denote this by [E, B,].
Definition 4. ([5]). A sequence {f,}CLE, B,] is called an r-Cauchy
sequence in [E, B,] iff
{lim (xn—x,)}20 in [E, B,].

n,m1t oo
[E, B,] is said to be r-complete if every r-Cauchy sequence in [E, B,] is
r-convergent in [E, B,].

In a linear ranked space every #-convergent sequence is an #—~Cauchy sequence,
but the converse is not always true.

Completion Theorem 2. For a given linear ranked space [E, B,] satisfying
the axiom (T,), there exists the completion [E*, B,"] of [E, B.].

Proof. Let M denote the set of all 7~Cauchy sequences of points in [E, B,].
We will call two members X={f,} and Y={g,} of M equivalent and write XY iff

{lim_(fu—g2)}20 in [E, B,

2~ is an equivalence relation on .

By the relations

X+Y={fn+ga} for all X={fn}, Y={g.} M,

Aex={4+fn} for all 2€® and for all X={f,}=M
and

OF{fu}(fa=0 for all n, 0<n<aw,),

M forms a linear ranked space over @ and O is the origin point of M.

Let N be the subset of M consisting of all »-Cauchy sequences which
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r-converges to the origin point 0€[E,B,]. Then R forms a linear subspace of
M and also E~=M/N forms a linear ranked space over @. It is denoted by [E, B,"].

By f*we will denote the class which contains an #~Cauchy sequence {f.} for
which

fo=fi=fo=+=fa=--=f€[E, B,].

By the mapping ¢: fl—f" of [E, B,] onto ¢(E)SE* we get that E is
isomorphic to the ranked linear subspace {f*€E |Vf€E} of [E*, B,"] and also
¢ is an 7-isomorphism by the induced rank from [E*, 8B,"]. Moreover, o(E) is
r—dense in E* i. e. we have E*3V Xo{f,}o X< {im fo*}(fa*==0(fn) for {fa}
CE). o

Finally, we will show that [E*, 8,"] is 7-complete. For every r—-Cauchy

sequence {A,}C[E", B,*], there exists a sequence {a,}C[E, B,] such that
{ lim (An—a,")}={ lim (o~ (An) —a,)}>0".

We get easily {a,}eM. As {a,"}C[E*, B,*] r-converges to the class which
. contains {as}, {A,} is 7-convergent in [E*, B,"]. Thus we have that [E*, B,]

is #—complete. This completes the proof of the theorem.

Finally, notice that the nuclear space is an example of such completion.
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